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Abstract

Factorization Algebras for Bulk-Boundary Systems

by

Eugene S Rabinovich

Doctor of Philosophy in Mathematics

University of California, Berkeley

Professor Peter Teichner, Chair

Costello and Gwilliam have given both 1) a general definition of perturbative quantum
gauge theory on a manifold M and 2) a construction of a factorization algebra Obsq of
quantum observables assigned to every quantum gauge theory. In this dissertation, we
extend these constructions to a certain general class of field theories on manifolds with
boundary.
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Chapter 1

Introduction

Quantum field theory (QFT) has been an enormously successful theoretical physical frame-
work for explaining the behavior of the elementary particles of the universe. Just one of
its many successes has been the correct prediction of the existence of the Higgs boson,
whose discovery at the Large Hadron Collider was announced on July 4, 2012 [Aad+12].
Techniques of quantum field theory have also been used in other disciplines of theoreti-
cal physics, including string theory, quantum gravity, condensed matter theory, hydrody-
namics, and statistical physics. Despite its clear utility in theoretical physics, QFT remains
befuddling to mathematicians. A number of mathematical axiomatizations of QFT have
been proposed, all with complementary virtues and drawbacks. We will mention only
the two approaches most relevant to this dissertation. We note, however, that in so doing,
we pass over a vast quantity of rich mathematics.

The first such framework, inspired by physicists’ study of conformal field theory and
topological field theory, is functorial field theory. Functorial field theory has the advantage
of being described by a number of axioms natural from both the physical and mathe-
matical perspective. The main drawback of the functorial field theory formalism, how-
ever, is that it remains somewhat distant from the traditional way physicists describe field
theories—in terms of fields, action functionals, and symmetries. This has made it difficult
to produce examples of “non-trivial” functorial field theories, although in this respect see
[Kan15].

An alternative—and complementary—approach has been developed by Kevin Costello
and Owen Gwilliam [Cos11; CG17; CG]. In this framework, one starts with a perturba-
tive Lagrangian classical Batalin-Vilkovisky (BV) field theory. Such a field theory can
be described in mathematical terms familiar from physics: in terms of a space of fields
and a classical action satisfying the so-called classical master equation. Costello [Cos11]
gives a precise definition of the notion of a perturbative quantization of such a theory.
More generally, a gauge theory may not possess a consistent quantization, and Costello
also describes a homological-algebraic method to compute the obstruction theory of such
quantizations.

One of the advantages of Costello’s definition is that every quantum gauge theory in
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the sense of [Cos11] on a spacetime manifold M gives rise to an object known as a factor-
ization algebra Obsq on M of quantum observables [CG17; CG]. A factorization algebra
is a cosheaf-like local-to-global object on M. Special classes of factorization algebras give
rise to more widely known objects. For example, the (∞, 1)-category of locally constant
factorization algebras on Rn has been shown by Lurie (see Theorem 5.5.4.10 of [Lur]) to be
equivalent to that of En algebras, the latter objects having a deep importance in topology.
Locally constant factorization algebras are the sort of object which one expects to encode
the observables of a topological quantum field theory. In a similar vein, factorization
algebras on C of a holomorphic nature are meant to encode the observables of a chiral
conformal field theory. In [CG17], Costello and Gwilliam show that such factorization
algebras on C give rise to vertex algebras, the latter objects having a deep importance in
representation theory.

In this dissertation, we extend the work of Costello and Gwilliam to the case that M
has a boundary. Strictly speaking, we will only extend the constructions of Costello and
Gwilliam for a certain broad class of theories, which we call “topological normal to the
boundary,” following Butson and Yoo [BY16]. We will use the abbreviation TNBFT for
such field theories. We also study a particular class of boundary conditions for TNBFTs,
and we will use the term “bulk-boundary system” to refer to a TNBFT together with
such a boundary condition. The term “bulk-boundary system” deserves to apply to a
much more general class of systems. However, as already witnessed by the abbreviation
TNBFT, appending qualifications to the term would create an unwieldy terminology; we
will therefore use the overly broad terminology, hoping the reader will keep in mind that
the particular class of bulk-boundary systems we consider is somewhat restricted. For
precise definitions, we refer the reader to Chapter 2.

We note that this is by no means the first mathematical work dealing with the pertur-
bative quantization of field theories on manifolds with boundary. In particular, the series
of works produced by Cattaneo, Mnëv, Reshetikhin, and others (see [CMR18], as well as
the review [CMR16], and references therein) also aims to address this problem. These
works have served as valuable guidance in the preparation of these techniques. The main
distinction which can be made between the present work and that of Cattaneo Mnëv,
and Reshetikhin concerns the final output of the formalism. Here, the output of our con-
structions is a factorization algebra; in the work of Cattaneo, Mnëv, and Reshetikhin, the
output is a functorial field theory. Work of Dwyer-Stolz-Teichner [DST] has shown that
factorization algebras (functorially) give rise to functorial field theories, so our approach
and that of Cattaneo, Mnëv, and Reshetikhin are likely to be intimately related. It is an
important goal of our future work to relate the two approaches.

1.1 Historical Aside
Before we describe the approach of Costello and Gwilliam in more detail, we would like
to make an important note. Many of the ideas presented in [Cos11] are not due originally
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to Costello himself. The book [Cos11] is more a novel and highly original synthesis of
physical ideas in a mathematical language than a new physical concept in and of itself.
However, because the work of Costello and Gwilliam is the work that we are attempting
to generalize here, the references [Cos11; CG17; CG] will remain the main source of back-
ground for this dissertation. In this section, we attempt to document some of the main
lines of influence that led to the Costello-Gwilliam techniques.

Renormalization in physics is nearing its centenary. It was pioneered by Hans Kramers,
Hans Bethe, Julian Schwinger, Richard Feynman, Shin’ichiro Tomonaga, and Freeman
Dyson in 1947-49 in their study of quantum electrodynamics. Even then, it was under-
stood that the “bare” or “scale zero” interaction needed to be cured so that it would
provide physically meaningful answers. The renormalization group method used by
Costello is more directly derived from techniques of Bogoliubov, Kadanoff, and Wilson;
these were introduced in the ‘70s to study second-order phase transitions in statistical
physics.

The techniques with which we treat gauge theories here are newer (dating to the ‘70s
or so), but also have a rich history. The first of these techniques is due to Ludwig Fadeev
and Victor Popov. These two physicists introduced the notion of “ghost fields,” which
today are understood as serving the function served by the degree +1 elements g∨ of
C•(g, V) for a Lie algebra g and g-module V. Namely, the ghost fields are introduced
to pass from the strict invariants Vg to the derived invariants C•(g, V). (In the physics
context, V is the space of classical observables and g is the Lie algebra of infinitesimal
gauge symmetries.) Later, Becchi-Rouet-Stora and independently Tyutin developed what
is now known as the BRST formalism. In mathematical terms, one might say that they
rediscovered the Chevalley-Eilenberg differential on C•(g, V). (This is certainly an over-
simplification, at the very least since the BRST formalism involves also several important
insights about gauge fixing.) This discovery helped explain to physicists the reason for
the appearance of the “ghost fields” g in non-zero cohomological degree. The BRST for-
malism was generalized even further by Igor Batalin and Grigori Vilkovisky into what is
now known as the BV formalism. This is the technique for quantum field theory which
most directly forms the basis for the work of Costello and Gwilliam, and by extension for
the present work. Though it was not understood in precisely this way at the time, today
we understand the classical BV formalism as the statement that a classical gauge theory is
concretely axiomatized in the language of (−1)-shifted symplectic stacks. This latter lan-
guage was only recently articulated by Pantev, Toën, Vaquié, and Vezzosi [Pan+13], with
antecedents in the work of Alexandrov, Kontsevich, Schwarz, and Zaboronsky [Ale+97];
however, it is a concise mathematical way to describe the underlying mathematics of the
(classical aspects of the) construction of Batalin and Vilkovisky. As for the quantum as-
pects of the BV formalism, these are best understood as providing a homological theory
of integration, and more precisely of integration over Lagrangians in the (−1)-shifted
stacks described by the classical BV formalism. This perspective has been elaborated by
Edward Witten and Albert Schwarz. For an exposition of this perspective on the quantum
BV formalism in a simple example, we recommend [GJ19].
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The last major element of the approach of Costello and Gwilliam is the notion of a
factorization algebra. This notion has much newer antecedents, notably the theory of
En algebras (see [CLM76] for what we believe is the first discussion of an operad-like
structure on the spaces of embeddings of little disks) and the theory of chiral algebras
as developed by Beilinson and Drinfeld in [BD04]. The working definition of factoriza-
tion algebras in the language of Costello and Gwilliam very much resembles these other
notions.

1.2 Statement of Main Results
In this section, we state the main results of this dissertation. The statement of the results
requires the introduction of terminology which has not been formally introduced yet; we
direct the reader to the remainder of the introduction for an elaboration of some of this
terminology.

The first main result of this dissertation is the definition classical and quantum bulk-
boundary systems (cf. Definitions 2.2.25 and 4.4.16). The motivation for these definitions
is discussed at length in Chapters 2 and 4, respectively.

Given these definitions, the following Theorem summarizes the most important re-
sults of the dissertation (cf. Theorems 2.4.3, 2.4.5, and 4.7.6).

Theorem. For each classical bulk-boundary system (E , L ) on a spacetime manifold M,
there exists a P0 factorization algebra Obscl

E ,L of classical observables for (E , L ). Simi-
larly, for a quantum bulk-boundary system, there exists a factorization algebra Obsq

E ,L of
quantum observables for (E , L ).

In Chapter 5, we investigate a simple interacting example: BF theory with B boundary
condition on the manifold R≥0. BF theory requires as its input a Lie algebra g, which we
require to be unimodular, for simplicity. We find (cf. Theorems 5.0.1 and 5.0.2):

Theorem. Let g be a unimodular Lie algebra. The classical bulk-boundary system speci-
fied by BF theory for g with B boundary condition on R≥0 admits a quantization. Further,
there are the following quasi-isomorphisms

C•(g)→ Obsq
E ,L (R≥0)

C•(g, C•(g))→ Obsq
E ,L (R>0)

of cochain complexes describing the boundary and bulk observables, respectively.

We refer the reader to the corresponding theorem statements in Chapter 5 for a more
precise statement of the above theorem.

When we are given a free bulk-boundary system, a great simplification occurs and
one may describe a much more elegant model for the factorization algebra of quantum
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observables of a free bulk-boundary system. We explore the consequences of this sim-
plification in Chapter 3. The main example that we explore in this context is abelian
Chern-Simons theory with the chiral Wess-Zumino-Witten boundary condition (cf. Sec-
tion 3.5):

Theorem. Consider the abelian Chern-Simons/chiral Wess-Zumino-Witten bulk-boundary
system for the abelian Lie algebra A on Σ × R≥0, where Σ is a Riemann surface. Let
π : Σ×R≥0 denote the projection Σ×R≥0 → Σ. Then, there is an equivalence

KM→ π∗Obsq
E ,L

of factorization algebras on Σ, where KM is the Kac-Moody factorization algebra for the
abelian Lie algebra A.

The significance of this result is the following. The BV formalism traditionally de-
scribes the theory of (–1)-shifted symplectic geometry. However, one may adapt the BV
formalism to also describe the theory of shifted Poisson geometry. Further, a boundary
condition for a classical BV theory possesses the structure of a Poisson BV theory [BY16].
One may naturally be interested in the construction of factorization algebras of observ-
ables for Poisson BV theories. However, there is no general procedure for the quantization
of such theories. Nevertheless, for the case of the chiral WZW boundary condition dis-
cussed above, there is an ansatz for the quantum observables of the boundary condition,
namely the factorization algebra KM. The above theorem shows that the quantization of
the bulk-boundary CS/WZW system n Σ×R≥0 induces the expected quantization on the
boundary Σ. In this dissertation, we have constructed a factorization algebra of quantum
observables for any quantum bulk-boundary system. One may therefore understand the
results of this dissertation as shedding insight into the quantization of Poisson BV theo-
ries corresponding to boundary conditions. We elaborate on this perspective in Section
1.6.

1.3 A sketch of the methods of Costello and Gwilliam
Let us describe the approach of Costello and Gwilliam in more detail, since it is the ba-
sis for the work presented here. We choose a manifold M to serve as the ”background”
spacetime for our field theories, and assume for simplicity that M is closed. A pertur-
bative classical field theory is described by a space of fields E which is the space/sheaf
of (global) sections of a vector bundle E → M over a closed spacetime manifold, and a
local action functional S : E → R. We will not be precise about what we mean by “local”
here, though we will do so in Section 2.3. The equations of motion for the field theory are
the PDEs imposed on E via a variational calculus procedure for S. For example, we may
choose M to be Riemannian, and E to be the trivial bundle, so that E = C∞(M). We may
further choose

S(ϕ) =
1
2

∫
M
ϕ(∆g + m2)ϕdVolg +

1
6

∫
M
ϕ3dVolg, (1.3.1)



CHAPTER 1. INTRODUCTION 6

where m ∈ R× is the “mass” of the theory and ∆g is the Laplacian on M, chosen by
convention to have non-negative eigenvalues. For the remainder of this introduction, we
will consider only this example, though we note that one can generalize this example
dramatically.

In quantum field theory, one wishes to make sense of path integrals of the form

Z(φ0) = h̄ log
(∫

E
e−S(ϕ+φ0)/h̄[Dϕ]

)
; (1.3.2)

if M is zero-dimensional, then these are simply finite-dimensional integrals. In such a
situation, one can make formal sense of Z as a power series in h̄ and the parameters ap-
pearing in the action functional S, even if the actual integral defining Z diverges. Further,
the combinatorics of this formal power series is encoded in Feynman diagrams. How-
ever, if M has positive dimension greater than one, the path integral “measure” [Dϕ] has
no known definition. Moreover, if one tries to generalize in the most naı̈ve way possi-
ble the power series obtained via Feynman diagram calculus in the case that M is zero
dimensional, one quickly runs into divergences arising from the subtleties of functional
analysis.

One of these functional analytic subtleties is the fact that the inverse to ∆g + m2 is
distributional in nature. Define

P := (∆g + m2)−1. (1.3.3)

The operator P can be understood as a distributional function on M × M. Because of
the distributional nature of P, the putative values assigned to Feynman diagrams would
involve multiplication of distributions, a well-known analytical difficulty.

The key to the approach elaborated by Costello is to note that the kinetic term ∆g +

m2 induces a one-parameter semi-group KL = exp−(∆g + m2)L of trace-class (in fact,
smoothing) operators which approximate the identity for L > 0 (and for L = 0 give the
identity). The propagator can be expressed in terms of KL by the following equation:

P =
∫ ∞

0
KLdL. (1.3.4)

More generally, define

P(ε, L) =
∫ L

ε
KLdL (1.3.5)

with 0 ≤ ε < L ≤ ∞. For ε > 0, P(ε, L) is a smoothing operator, which will be crucial in
the sequel. Given Φ ∈ C∞(M×M) (for example, one could take Φ = P(ε, L) for ε > 0)
and I ∈ Ŝym(E ∨)[[h̄]] which is cubic in E modulo h̄, let

W(Φ, I) (1.3.6)
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denote the element of Ŝym(E ∨)[[h̄]] obtained by the following (roughly sketched) assign-
ment:

W(Φ, I) = ∑
Γ

1
|Aut(Γ)| h̄

β1(Γ)wΓ (Φ, I). (1.3.7)

Here, the sum is over connected graphs Γ which are allowed to have “internal” ((≥3)-
valent) and “external” (univalent) vertices. Each wΓ (Φ, I) is an element of Ŝym(E ∨) ob-
tained by “placing” I at each internal vertex, Φ on each internal edge, and the functional
inputs φ1, . . . ,φk on each external vertex/edge. Crucially, because Φ ∈ C∞(M × M),
wΓ (Φ, I) induces no functional analytic difficulties. One can show the following impor-
tant property satisfied by the assignment W(Φ, I):

W (Φ, W(Ψ, I)) = W(Φ+ Ψ, I) (†)

(cf. the Equation immediately preceding the beginning of Section 2.3.5 of [Cos11]). Now,
choose I = 1

6
∫

Mφ
3dVolg, and pretend that one could define

I[L] !
= W(P(0, L), I). (1.3.8)

Here, the exclamation point reminds us that this definition is mathematically ill-defined.
Suppose that ε < L, and note that P(0, L) = P(0,ε) + P(ε, L), so in particular P(0, L)−
P(0,ε) is a smoothing operator. Using, (†), therefore, we would find that

I[ε] !
= W(P(ε, L), I[L]). (‡)

Again, because I[ε] and I[L] are ill-defined, the above equation is ill-defined. However,
if I[L] were well-defined, I[ε] would be determined from I[L] by (‡), which is in fact a
well-defined equation in such a situation. Equation (‡) is called the “homotopy renormal-
ization group flow equation.” The reason for the adjective “homotopy” will become a bit
clearer in Chapter 4.

In the approach of Costello, one throws away the pseudo-definition of I[L] and in-
stead defines a quantum field theory to be a collection {I[L]}L>0 of functionals satisfying
the equation (‡). The original (local) functional I would be the limit limL→0 I[L] if it ex-
isted. However, Equation (‡) shows that this limit does not, in general, exist, since this
limit would require the evaluation of Feynman diagrams with I[L] at the vertices and the
distribution P(0, L) at the edges.

From this perspective, the fundamental physical object is the collection {I[L]} and not
the “scale-zero interaction” I. How does this fact reconcile itself with the way physicists
understand field theory? In the physicists’ perspective, one attempts to make the pseudo-
definition of I[L] work and, upon finding that the result diverges, “subtracts away” the
divergence to yield a “physically sensible” I[L].

To a mathematician, this procedure may seem meaningless, but Costello explains it
thus. The “true” or “canonical” object of study is the collection {I[L]}. This is the ob-
ject that, for example, most naturally encodes the information of the operator product
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expansion. Costello shows that there is a non-canonical (!!) bijection ψ between the
space of field theories in his sense (collections {I[L]} related by exact RG flow) and the
set of local (“scale-zero”) action functionals I. On the other hand, a physicist would say
that a quantum field theory is defined not just by the action functional I but also by the
“renormalization scheme” one chooses, i.e. by the choice one makes about how to turn
the physically meaningless divergences arising from I into physically sensible answers.
(This is not how most quantum field theory textbooks explain the notion of renormal-
ization, at least not at first, but it is, in the author’s experience, how physicists actually
understand renormalization in practice.) In other words, physicists would also say that
the collection {I[L]} is the canonical physical object, and the non-canonical choice I is
canceled by another non-canonical choice (the choice of bijection ψ).

The assignment of the field theory {I[L]} to a local action functional goes as follows.
First, one studies the small-ε asymptotics of

W(P(ε, L), I); (1.3.9)

one finds that, for small ε, one can expand W(P(ε, L), I) as a sum of terms like g(ε)Ψ
where g(ε) is a smooth function of ε ∈ (0, 1) and Ψ is a smoothly L-dependent (non-
local, in general) functional. (Cf. Theorem 9.3.1 of Chapter 2 of [Cos11].) Then, one
makes sense (this is where the arbitrary choice comes in) of the “purely singular” part
of the functions g(ε) as ε → 0, as follows. The space of functions in C∞((0, 1)) which
admit an ε → 0 limit is certainly a subspace V of C∞((0, 1)). Costello calls a choice of
complement to V in C∞((0, 1)) a renormalization scheme. Such a choice allows one to make
sense of which functions of ε are “purely” divergent. For example, while it is indisputable
that the function sin(ε) is non-singular, both log(2ε) and log(ε) are divergent as ε → 0.
But the two functions differ by a non-singular function, so they cannot both be “purely
divergent”. A renormalization scheme is the choice that allows one to say a statement
like “the singular part as ε → 0 of log(2ε) is log(ε) and the non-singular part is log(2)”.
The upshot is that this choice is implicitly what allows the physicist to “subtract away the
divergences of field theory.”

The discussion above describes the procedure for quantizing classical field theories
without gauge symmetries. However, most of the theories physicists study in practice are
indeed gauge theories. Moreover, physicists are often concerned with the essential ques-
tion of whether or not the procedure of renormalization violates the classical symmetries.
In [Cos11], Costello uses the Batalin-Vilkovisky (BV) formalism to provide mathemati-
cal descriptions of these issues. Namely, the gauge invariance of the classical theory is
encoded in the “classical master equation” for the classical interaction I. After renormal-
ization, one obtains a family {I[L} of interactions. At each scale L, one may write down
the “scale L quantum master equation,” which is meant to describe the gauge-invariance
of the quantum interaction I[L]. The main insight of Costello is that if I[L] satisfies the
scale L quantum master equation, then I[ε] = W(P(ε, L), I[L]) satisfies the scale ε quan-
tum master equation. In other words, the quantum master equations at different scales
are compatible with the exact RG flow equation.
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Putting these observations together, Costello defines a quantum gauge theory as a
collection {I[L]} of interactions which are related to each other by the exact RG flow,
satisfy the quantum master equation at one (and therefore all) scales, and which satisfy a
certain asymptotic locality condition as L→ 0. We will elaborate on this locality condition
in the body of this dissertation. Suffice it to say that this condition is designed to capture
the locality of the classical “scale-0” interaction I.

Given this definition of a quantum field theory, Costello and Gwilliam [CG] show that
a quantum gauge theory on a manifold M gives rise to a factorization algebra on M. A
factorization algebra assigns a cochain complex Obsq

E ,L (U) to every open subset U ⊂ M
together with “multiplication maps”

Obsq(U1)⊗ · · · ⊗Obsq(Uk)→ Obsq(V) (1.3.10)

for every inclusion of a collection of disjoint open subsets U1, . . . Uk into a larger open sub-
set V of M. To extract the underlying cochain complex (respectively, vector space) from a
locally constant (respectively, holomorphic) factorization algebra, one takes Obsq(D) for
D the unit disk in Rn (respectively, H0(D), for D the formal unit disk in C). The mul-
tiplication maps of the factorization algebra then provide the additional structure maps
arising in the corresponding En algebra (respectively, vertex algebra). A key feature of
the factorization algebras in both cases is that Obsq(D) doesn’t depend on the size and
center of the disk D; this is what allows one to turn the structure maps of the factoriza-
tion algebra, which allow multiplications only for disjoint disks, into a structure solely on
the cochain complex Obsq(D). In the case of locally constant factorization algebras, the
resulting En algebra encodes all of the homotopy theoretic information contained in the
locally constant factorization algebra which produced it. A theorem of a similar sort is
not known for holomorphic factorization algebras, but for a partial reconstruction result,
see [Bru20]. For more general field theories, the resulting factorization algebras are not
known to reduce to familiar objects. Instead, a general factorization algebra encodes an
enormous amount of information: a cochain complex for each open subset U of M and
multiplication maps for all possible inclusions of disjoint open subsets into a larger one.
So, factorization algebras are in general very rich objects, and indeed any quantum field
theory on a manifold M in the sense of Costello gives rise to one.

1.4 Bulk-boundary systems as BV theories
In this section, we summarize the main theoretical elements that underlie our extension
of the work of Costello and Gwilliam. For ∂M = ∅, the Batalin-Vilkovisky formalism is
naturally articulated in the language of (−1)-shifted symplectic geometry. The space of
fields E is the space of sections of some Z-graded vector bundle on M, and this infinite-
dimensional space is endowed with a sort of (−1)-shifted symplectic structure. The
infinite-dimensional nature of E poses some problems for quantization, however, and
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Costello resolves these problems in a homotopically coherent way. The essence of the ap-
proach we take here is to maintain as much of this articulation as possible when ∂M 6= ∅.
To be able to do this, however, we need to impose boundary conditions on the fields E .
Let us consider an example to see why this is the case. Let M = S1. Let (V,ω) be a
symplectic vector space. Topological mechanics with values in V is the theory on M whose
space of fields E is

(Ω•M(M)⊗V, d) (1.4.1)

and whose degree –1 (symplectic) pairing 〈·, ·〉 is

〈α,β〉 =
∫

M
ω(α ∧β). (1.4.2)

In the language of action functionals, these data determine the action

S(α) =
1
2

∫
M
ω(α ∧ ddRα). (1.4.3)

The main condition for this structure to indeed be a symplectic structure on E is the
equation

〈ddRα,β〉+ (−1)|α| 〈α, ddRβ〉 = 0. (1.4.4)

Equation 1.4.4 describes the compatibility of the de Rham differential with the pairing
〈·, ·〉. Its derivation uses Stokes’s theorem and the fact that ∂M = ∅. Equation (1.4.4) has a
geometric interpretation. Thinking of E as a graded manifold, 〈·, ·〉 as a closed two-form
on this manifold, and d as a degree +1 vector field X on this manifold, Equation (1.4.4)
can be interpreted as the equation

LX 〈·, ·〉 = 0, (1.4.5)

which is to say that X is a symplectic vector field. Alternatively, Equation 1.4.4 is a key
ingredient in showing that S satisfies the so-called “classical master equation.”

The manifold S1 is the simplest example of a closed one-manifold. Let us now consider
what happens when we choose instead M = [0, 1], the simplest compact one-manifold
with a non-empty boundary. Note that Equation 1.4.4 no longer holds in this case. In-
stead, letting ι0, ι1 denote the inclusions ? ↪→ [0, 1] determined by the respective end-
points of the interval [0, 1], we find that

〈ddRα,β〉+ (−1)|α| 〈α, ddRβ〉 = ω(ι∗1α, ι∗1β)−ω(ι∗0α, ι∗0β). (1.4.6)

The situation may be summarized as follows. On the boundary ∂M, one obtains a sym-
plectic vector space V ⊕ (−V). (Here, −V denotes V with the symplectic structure −ω.)
Pullback to the boundary determines a map ρ : E → V ⊕ (−V). Equation 1.4.6 then
states that 〈·, ·〉 determines a (derived) isotropic structure on ρ. In fact, one can show fur-
ther that 〈·, ·〉 determines a (derived) Lagrangian structure on ρ (cf. Lemma 2.2.20). If one
chooses a Lagrangian L ⊂ V ⊕ (−V), one may form the homotopy pullback

EL := E ×h
V⊕(−V) L; (1.4.7)
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by general considerations of derived symplectic geometry [Pan+13], EL is a (–1)-shifted
symplectic space, and hence an object amenable to the techniques of BV quantization. In
our context, we will see below that the strict pullback provides a model for the homotopy
pullback. One may therefore take EL to be the space of V-valued forms on [0, 1] whose
pullback to the boundary lies in L. For fields α,β ∈ EL, it follows directly that Equation
1.4.6 reduces to Equation 1.4.4. We will refer to L as a “boundary condition” for obvious
reasons.

We have therefore seen that a field theory on M together with a boundary condition
determine the data of a classical BV-like theory. With a few modest generalizations, all
of the examples we will consider will fall into this form; more precisely, we will consider
field theories which are “topological normal to the boundary” (see Definition 2.2.4). In a
very rough sense, then, one may simply replace all appearances of E (the space of fields
of the theory) in the formalism of Costello and Gwilliam with EL (the space of fields with
the boundary condition imposed) to obtain the results of this dissertation. Because EL is
infinite-dimensional, however, the story is not as straightforward as this characterization
may seem. In fact, the main work of this dissertation is to address the difficulties that
arise precisely because of this property of EL. Unfortunately, these aspects of the work are
somewhat technical. We invite the interested reader to dive into the body of the text to
see further details on this approach.

1.5 Factorization algebras: Definitions and Examples
In this section, we review basic definitions regarding factorization algebras and present
some elementary examples. None of the content of this chapter is original; our main
reference throughout is [CG17].

Basic Definitions

There is a notion of a prefactorization algebra, which stands in the same relationship to
the notion of factorization algebra that the notion of presheaf does to the notion of a
sheaf. A factorization algebra, then, will be a prefactorization algebra satisfying a descent
condition, just as sheaves are preshesaves satisfying an additional descent condition. We
will follow this division here.

Let us begin with the definition of a prefactorization algebra. This definition makes
sense with values in any symmetric monoidal (possibly (∞, 1)-)category, but since we
have no reason to consider any other such category besides the category of cochain com-
plexes of vector spaces, we will present the definition only for this standard (∞, 1)-
category.

Definition 1.5.1. Let M be a topological space. A prefactorization algebra on M consists
of a functor

F : Opens(M)→ Ch(Vect) (1.5.1)



CHAPTER 1. INTRODUCTION 12

together with maps

mV
U1 ,...,Uk

: F(U1)⊗ · · · ⊗ F(Uk)→ F(V) (1.5.2)

for every collection U1, . . . , Uk of pairwise disjoint open subsets of M which include into
V. (Here Ch(Vect) is the symmetric monoidal category of chain complexes of vector
spaces over a field, which we almost always take to be R or C.) These data are required
to satisfy the following axioms:

1. Given an inclusion U ⊂ V, the map mV
U coincides with the map F(U ⊂ V).

2. Let σ ∈ Σk be a permutation of the k-element set. Using the symmetric monoidal
structure of Ch(Vect), one obtains a map

σ∗ : F(U1)⊗ · · · ⊗ F(Uk)→ F(Uσ(1))⊗ · · · ⊗ F(Uσ(k)). (1.5.3)

We require that mV
Uσ(1) ,...,Uσ(k)

◦ σ∗ = mV
U1 ,...,Uk

, i.e. the structure maps mV
U1 ,...,Uk

be
compatible with the natural Σk action on the tensor factors of their domains.

3. The map mUtV
U,V is a quasi-isomorphism.

4. Suppose Ui,1 t . . . t Ui,ki ⊂ Vi for i = 1, . . . , r and V1 t · · · t Vr ⊂ W. Then we
require that the triangle

⊗r
i=1 ⊗

ki
j=1 F(Ui, j) ⊗r

i=1F(Vi)

F(W)

⊗im
Vi
Ui,1 ,...,Ui,ki

mW
Ui,1 ,...,Ur,kr mW

V1,...,Vr
(1.5.4)

commute. This is a natural associativity condition.

Remark 1.5.2: We are being imprecise about which class of vector spaces we consider.
Since we are interested in quantum field theory, the vector spaces we study are in general
infinite-dimensional, and we would ideally like to work with an abelian category of such
vector spaces. The standard approach to the study of infinite-dimensional vector spaces
is the theory of locally convex topological vector spaces, which infamously does not fur-
nish an abelian category. Hence, we will implicitly work in the context of differentiable
vector spaces (DVS, see Appendix B of [CG17]). We will provide a brief overview of these
subtleties later in this chapter. ♦

Remark 1.5.3: Note that a prefactorization algebra F is, in particular, a precosheaf, but F
also possesses structure maps mV

U1 ,...,Uk
for k > 1. ♦
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Definition 1.5.4. Let F,G be prefactorization algebras on a space M. A morphism of
prefactorization algebras F → G is a natural transformationϕ of the underlying functors

Opens(M)→ Ch(Vect) (1.5.5)

such that all squares of the form

F(U1)⊗ · · · ⊗ F(Uk) F(V)

G(U1)⊗ · · · ⊗ G(Uk) G(V)

mV
U1,...,Uk

⊗
iϕ(Ui) ϕ(V)

mV
U1,...,Uk

(1.5.6)

commute.

Remark 1.5.5: Note that the above condition for k = 1 is simply the requirement that ϕ
indeed be a map of precosheaves. ♦

Just as the category of sheaves is a full subcategory of the category of presheaves, the
category of factorization algebras is a full subcategory of the category of prefactorization
algebras. Namely, it will be the category of prefactorization algebras satisfying Weiss
codescent:

Definition 1.5.6. Let U ⊂ M be an open subset, F a prefactorization algebra on M, and
U := {Uα}α∈A a cover of U.

1. The cover U is a Weiss cover of U if for every finite subset S ⊂ U, there exists a
Uα ∈ U such that S ⊂ Uα. Equivalently, U is a Weiss cover if (and only if) the
collection

Uk := {Uk
α}α∈A (1.5.7)

is a cover of Uk for all k = 1, 2, . . ..

2. The Čech complex for the pair F,U is the cochain complex

Č(U,F) :=
∞⊕

n=0

⊕
Uα1 ,...Uαn∈U

αi 6=α j

F(Uα1 ∩ · · · ∩Uαn)[k] (1.5.8)

together with the total differential induced from the usual Čech differential and the
internal differentials on the cochain complexes F(V) for V any open subset of M.

3. The prefactorization algebra F satisfies Weiss codescent on U if for all Weiss covers
U, the natural map

Č(U,F)→ F(U) (1.5.9)

is a quasi-isomorphism.
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4. A prefactorization algebra satisfying Weiss codescent for all open U is denoted a
factorization algebra.

5. A morphism of factorization algebras is a morphism of the underlying prefactor-
ization algebras.

Remark 1.5.7: In a bit more detail, the Čech differential on Č(U,F) is induced from the
alternating sum of the structure maps

F(Uα1 ∩ · · · ∩Uαn)→ F(Uα1 ∩ · · · ∩ Ûαi ∩ · · · ∩Uαn), (1.5.10)

where Ûαi denotes that Uαi is to be omitted from the intersection. ♦

Basic Examples and Constructions

Example 1.5.8: Let (A,µ) be an associative algebra over R with unit map

η : R→ A.

There is a natural factorization algebra FA on R given by the assignment

FA(∅) = R; (1.5.11)

moreover,
FA(I) = A (1.5.12)

for any interval I,
mI
∅ = η (1.5.13)

for any interval I,
mJ

I = FA(I ⊂ J) = id (1.5.14)

for any inclusion of intervals, and

mJ
I1 ,I2

= µ : A⊗ A→ A (1.5.15)

for any triple of intervals I1, I2, J with I1 t I2 ⊂ J. See the Example in Section 3.1.1 of
[CG17] for further details. ♦

Example 1.5.9: The above example can be extended from R to R≥0; in so doing, one must
choose, in addition to an associative algebra A, a pointed right A-module M, with point
m ∈ M. With these choices in hand, we may define a factorization algebra FM,A on R≥0
as follows. Set FM,A([0, a)) = M for any a > 0, and FM,A((a, b)) for any a, b ≥ 0.

If I1 and I2 are intervals of the same type (either both open or both including 0), then
mI2

I1
is simply the identity on A or M as the case may be. If I1 is an open interval and I2
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R≥0
)[

U1
FA,M(U1)⊗ FA,M(U2) = M⊗ A)

U2
(

R≥0
[ FA,M(V) = M)

V

mV
U1 ,U2

Figure 1.1: A picture illustrating one structure map for FA,M.

is an interval containing 0, then mI2
I1

is the map φm : A → M determined by m, namely
φm(a) = ma. If I1, I2, and I3 are all open intervals (with I1 t I2 ⊂ I3, then the structure
map mI3

I1 ,I2
is simply the multiplication on A, as for FA above. If I1, I2, and I3 are such that

both I1 and I3 contain 0, then the multiplication map

mI3
I1 ,I2

: M⊗ A→ M (1.5.16)

is determined by the A-module structure on M.
Further, we assign FM,A(∅) = R. The maps R → M and R → A corresponding to

mI
∅ for I an interval containing zero or not, respectively, are just those determined by the

point m and the unit map of A, respectively.
The remaining factorization algebraic structures are determined by the axioms of a

factorization algebra. One may check that the associativity of A and the axioms of a
right-A-module structure on M guarantee that these assignments are well-defined. ♦

Example 1.5.10: Let g be a Lie algebra. The n-factorization envelope of g is the factor-
ization algebra on Rn which assigns, to an open subset U ⊂ Rn, the cochain complex

Fg,n(U) := C•(Ω•Rn ,c(U)⊗ g); (1.5.17)

here, C• is the Chevalley-Eilenberg chains functor. (There are some subtleties here be-
cause Ω•Rn ,c(U) is infinite-dimensional, i.e. the underlying graded vector space of Fg,n(U)

is given as a direct sum of completed symmetric powers of Ω•Rn ,c(U)⊗ g rather than alge-
braic symmetric powers.) The structure maps for Fg,n are given as follows:

1. The maps mV
U are induced from the extension by zero maps

Ω•Rn ,c(U)→ Ω•Rn ,c(V), (1.5.18)

and
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2. The structure maps mV
U1 ,...,Uk

are the composites

Fg,n(U1)⊗ · · · ⊗ Fg,n(Uk) Fg,n(V)⊗ · · · ⊗ Fg,n(V) Fg,n(V),
mV

U1
⊗...⊗mV

Uk µ

(1.5.19)
where the map µ is the multiplication on the underlying symmetric algebra.

We note that µ is not a cochain map. This is true for the same reasons that the Chevalley-
Eilenberg chains of a Lie algebra are not themselves a differential graded commutative
algebra (though they do form a differential graded cocommutative coalgebra). However,
since the Ui are disjoint, the Ω•Rn ,c(Ui) mutually commute in Ω•Rn ,c(V), and it follows that
the composite mV

U1 ,...,Uk
is in fact a cochain map. ♦

There is a relationship between the two examples discussed above. Indeed, Proposi-
tion 3.4.1 of [CG17] shows that

H•(Fg,1) ∼= FU(g). (1.5.20)

This is one justification of the use of the term “n-factorization envelope” to describe Fg,n.
We now describe a number of basic operations which produce new factorization alge-

bras from existing factorization algebras.

Definition 1.5.11. Let f : X → Y be a map of topological spaces and F a factorization
algebra on X. The pushforward factorization algebra f∗F is the factorization algebra on
Y whose value on an open set U ⊂ Y is given by

f∗F(U) = F( f−1(U)), (1.5.21)

with
mV

U1 ,...,Uk
:= m f−1(V)

f−1(U1),..., f−1(Uk)
(1.5.22)

This definition extends the pushforward operation on precosheaves.

Definition 1.5.12. Let F be a factorization algebra on a space X. Let U be an open subset
of X. The restriction factorization algebra F |U is defined via the composite (partially
symmetric monoidal) functor

Opens(U) Opens(X) Ch(Vect).F (1.5.23)

1.6 Bulk-boundary systems and centers of factorization
algebras

Perhaps the archetypal example of a bulk-boundary system in mathematics is the Swiss
cheese algebra given by the pair (HH•(A), A), where A is an associative algebra and
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HH•(A) is its Hochschild cochain complex. The latter object is an E2 algebra, according
to the Deligne conjecture. The former object may be understood as an E1 algebra. The
Swiss cheese algebra (HH•(A), A) is the terminal object in the category of Swiss cheese
algebras whose underlying E1 algebra is A [Tho16].

The physical interpretation of this pair is as follows. The algebra A encodes the algebra
of observables of a classical or quantum mechanical system. Meanwhile, the E2 algebra of
Hochschild cochains encodes the universal two-dimensional topological field theory ad-
mitting A as a boundary condition. This perspective is implicit in the work of Kontsevich
on the deformation quantization of Poisson manifolds [Kon03], which studies the case
that A is the algebra of smooth functions on a Poisson manifold X. Cattaneo and Felder
[CF00] gave an interpretation of the construction of Kontsevich in the language of two-
dimensional quantum field theory. Namely, to a Poisson manifold X one may associate a
two-dimensional topological quantum theory on any oriented two-dimensional manifold
and a canonical boundary condition for this theory. Quantization of the associated bulk-
boundary system provides a deformation quantization of the algebra of functions on X
whose semi-classical approximation is dictated by the Poisson bracket for X. The theory
is known as the Poisson sigma model.

Recently, Butson and Yoo [BY16] have proposed a more general framework in which
to understand the Poisson sigma model. In this framework, one understands the Poisson
manifold X as defining a Batalin-Vilkovisky-type field theory on R which is “degener-
ate” in nature (we prefer to call such theories Poisson BV theories). One might call this
theory “Poisson topological mechanics.” Poisson topological mechanics is “degenerate”
because it is described by a Poisson target X as opposed to a symplectic target as is the
case for “ordinary” topological mechanics. Using the language of derived geometry, Pois-
son BV theories are described by (−1)-shifted Poisson stacks as opposed to (−1)-shifted
symplectic stacks. In terms familiar to physicists, Poisson BV theories are one class of
“non-Lagrangian” field theories. Butson and Yoo assign—to each Poisson BV theory T on
a manifold M0—a(n “ordinary”) BV theory on M0 × R≥0 known as the “universal bulk
theory” of T. The universal bulk theory of T also possesses a canonical boundary con-
dition associated to T. In the case of Poisson topological mechanics, the universal bulk
theory is the Poisson sigma model. One of the insights implicit in Kontsevich’s work was
that one may quantize Poisson topological mechanics by quantizing the universal bulk-
boundary system on the upper half-plane H2 associated to it. The work of Butson and
Yoo systematized this intuition for more general Poisson BV theories. The advantage of
this perspective is that one needs to study only a theory described in the usual BV for-
malism, albeit on a manifold with boundary. Moreover, this bulk-boundary system is of
precisely the sort amenable to the techniques of this dissertation. One might therefore un-
derstand the results of this dissertation as a continuation of the following program which
was initiated by Butson and Yoo:

Program. Develop a framework for the study of the quantization of Poisson BV theories
generalizing that of Costello and Gwilliam for ordinary BV theories.
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This, perhaps, is the most important application of the techniques presented herein.
One may, on the one hand, view these techniques as an extension of the methods of
Costello and Gwilliam to a certain class of bulk-boundary systems on manifolds with
boundary. On the other hand, one may view them as an extension of the techniques of
Costello and Gwilliam to arbitrary (perturbative) Poisson BV theories on manifolds with
boundary.

1.7 Comparison to Related Work
We are aware of a number of other works discussing the quantization of gauge theories on
manifolds with boundary using the techniques of homological algebra. Among them are
[CMR18] (discussed above), [MSW19], [Bon+19], [Mat+19]. Our approach has a number
of features in common with these references. For example, all of the mentioned references
use the Batalin-Vilkovisky formalism and study what happens when the classical master
equation fails to be satisfied. In [MSW19], the possibility of local operators which are
not simply integrals over all of spacetime is introduced. In [Mat+19], the authors impose
boundary conditions via homotopy pullbacks. These ideas are present also in this work;
however, by restricting to the class of TNBFTs, we enable a discussion of renormalization
and the construction of factorization algebras of observables.

1.8 A Brief Primer on Differentiable Vector Spaces
As we have remarked in Section 1.5 (see Remark 1.5.2), we would like our factorization
algebras to take values in a symmetric monoidal category of chain complexes of vector
spaces. Typically, the vector spaces we consider are infinite-dimensional, and endowed
with topologies; the natural tensor products in this context have universal properties in
categories of topological vector spaces where the morphisms are continuous linear maps.
For example, if E→ M is a vector bundle, then the space of sections C∞(M; E) possesses
the so-called Whitney topology. There is a natural tensor product on a subcategory of the
category of all topological vector spaces, called the completed projective tensor product
and denoted ⊗̂π , with the property that for F→ N another vector bundle, the equation

C∞(M; E)⊗̂πC∞(N; F) ∼= C∞(M× N; E� F) (1.8.1)

holds, where E� F is the external tensor product of vector bundles (see Section 1.9). Such
an equation simply does not hold if one takes the algebraic tensor product of the two
spaces of sections.

Based on this discussion and the definition of a factorization algebra, we seek a cate-
gory C of vector spaces such that

1. C is an abelian category,
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2. C is endowed with a tensor product in which equations like Equation (1.8.1) hold.

One standard category meant to encode the theory of infinite-dimensional vector spaces—
namely, that of locally convex topological vector spaces—is infamously non-abelian. More-
over, we would like Equation (1.8.1) to hold even if M and N are non-compact, and one
takes compactly-supported sections throughout. This, too, fails to obtain in the category
of locally convex topological vector spaces.

The approach we follow here is to consider the category of differentiable vector spaces
DVS, as discussed in Appendix B of [CG17]. The category DVS has the following prop-
erties:

1. It is abelian.

2. It has a multi-category structure.

3. It possesses an enrichment over itself, i.e. one can form a differentiable vector space
of linear maps between two differentiable vector spaces.

Very briefly, a differentiable vector space V is a sheaf of vector spaces C∞(·, V) (we
will use both notations interchangeably to represent V) on the site of smooth manifolds.
Moreover C∞(·, V) must be endowed with the structure of a module over the sheaf of
rings C∞ and a flat connection

∇ : C∞(·, V)→ C∞(·, V)⊗C∞ Ω1(·). (1.8.2)

For any DVS V, the vector space C∞({∗}, V) encodes the underlying vector space of V,
and C∞(M, V) encodes the space of smooth maps from M to V. For example, given a vec-
tor bundle E → M, the differentiable vector space C∞(M; E) is given by the assignment

C∞(X, C∞(M; E)) := C∞(X×M; π∗2 E), (1.8.3)

where π2 : X × M → M is the natural projection. (Note that we use the notation
C∞(M; E) to denote global sections of E → M, and the notation C∞(X, V) to denote
smooth maps from X to V.) We refer the reader to the aforementioned Appendix of
[CG17] for further details.

The category DVS has all of the categorical properties that we desired in a category
of infinite-dimensional vector spaces. Nevertheless, it is somewhat difficult to work
with differentiable vector spaces directly. Hence, Costello and Gwilliam study another
category of infinite-dimensional vector spaces, namely the category of convenient vector
spaces CVS. The category CVS possesses the following properties:

1. The objects in CVS are vector spaces endowed with additional structure (namely a
bornology), and morphisms are spaces of bounded linear maps.

2. The category CVS possesses all limits and colimits.
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3. The category CVS is closed symmetric monoidal. The symmetric monoidal struc-
ture on CVS is denoted by the symbol ⊗̂β.

4. Vector spaces of smooth, compactly-supported, distributional, and compactly-supported
distributional sections of a vector bundle E→ M can be described by objects in CVS.

5. There is a functor di f : CVS→ DVS which preserves all limits. Moreover, the func-
tor preserves inner hom objects, and the symmetric monoidal product ⊗̂β represents
the multi-category structure on DVS.

6. Equation (1.8.1) holds, with ⊗̂β replacing ⊗̂π , both for spaces of sections of a bundle
E→ M and spaces of compactly-supported sections of E.

7. The functor di f embeds CVS as a full subcategory of DVS.

Again, we refer the reader to Appendix B of [CG17] for further details. It is far easier to
work directly with convenient vector spaces than with differentiable vector spaces. How-
ever, the category CVS is not abelian, so one may not use classical homological algebra
to study chain complexes of convenient vector spaces. Further, the functor CVS → DVS
does not preserve colimits, so in the computation of homology groups, it matters whether
a complex

· · · → Vi → Vi+1 → · · ·
of convenient vector spaces is considered to be a complex of convenient or differentiable
vector spaces via the functor di f . We adopt the following conventions, which we follow
implicitly throughout the dissertation. First, nearly all of our chain complexes of differ-
entiable vector spaces will arise from chain complexes of convenient vector spaces. To
verify that a map of complexes di f ( f ) : di f (A•) → di f (B•) is a quasi-isomorphism, we
never compute the cohomology groups of the underlying complexes of convenient vector
spaces A•, B• directly. Instead, we allow ourselves only to use some combination of the
following tools:

1. Construction of a homotopy inverse for f , in which case both f and di f ( f ) are quasi-
isomorphisms by functoriality.

2. Use of standard homological-algebraic techniques in DVS, such as spectral sequences
and the snake lemma.

This allows us to avoid computing cohomology groups directly in DVS, and instead to
perform explicit computations in CVS, doing so in a way that is “kosher.”

1.9 Notations and Conventions
In this section, we collect some conventions and notation which we use repeatedly in the
body of this dissertation.
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• M will denote the fixed manifold with boundary on which our bulk-boundary sys-
tems are formulated, with ∂M its boundary, and ι : ∂M → M the inclusion. We will
often fix a tubular neighborhood T of ∂M inside M. The letter n will stand for the
dimension of M.

• We will often use Latin letters in regular font to denote vector bundles on M (e.g.
V, E, L, . . .). We use the corresponding script letters (e.g. V , E , L , . . .) to denote the
sheaves of sections of the corresponding bundles. We will append the subscript c
to denote the cosheaf of compactly-supported sections (e.g. Vc, Ec, Lc, etc.). Very
rarely, we will use the script letter to denote the space of global sections of the cor-
responding bundle. We will usually be explicit when this is the case.

• If E→ M is a vector bundle and x ∈ M, then Ex denotes the fiber of E over x.

• We introduce the following notation for standard bundles on M:

– R denotes the trivial R bundle on M, with sheaf of sections C∞
M (hence, we force

ourselves into the somewhat redundant notation C∞
M(M) to denote the space

of global sections of R).

– TM and T∗M denote the tangent and cotangent bundles, respectively, with
sheaves of sections VectM and Ω1

M.

– More generally, Λk(T∗M) denotes the bundle of differential k forms on M, with
sheaf of sections Ωk

M.

– DensM and o denote the bundle of densities and the orientation line bundle on
M, respectively. That is, DensM is the associated bundle associated to the rank
one representation of GLn given by the absolute value of the determinant, and
o by the sign of the determinant. We denote by Ωn

M,tw the sheaf of sections of
DensM and by Ω0

M,tw the sheaf of sections of o.

– More generally, we denote by Ωk
M,tw the sheaf of sections of the bundle Λk(T∗M)⊗

o of twisted k-forms.

• If E→ M is a vector bundle, then E∨ denotes the fiberwise dual vector bundle, and
E! denotes the bundle E∨ ⊗DensM.

• We use the symbols Υ and z repeatedly when all other symbols seem to be taken.
They are intended to have a local scope, not exceeding a few results immediately
preceding and succeeding their appearance.

• We use the symbol C with extremely local scope, i.e. its referent changes frequently.
The main function of this symbol is to represent some numerical factors which are
irrelevant in the computation of a particular limit or integral. The referent of C is
often a product of a half-integral power of π and a half-integral power of 4 .
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• We use the superscript ∨ to denote the dual of a vector space or the fiberwise dual
of a vector bundle as above.

• If E → M and F → N are two bundles, the symbol E� F denotes the bundle on
M× N whose fiber at the point (x, y) is Ex ⊗ Fy. Alternatively, E� F = π∗1 E⊗ π∗2 F,
where the πi are the projections from M× N to its corresponding factors.

• If V = ⊕i∈ZVi is a Z-graded vector space, then V[k] = ⊕i∈ZVi+k, i.e. V[k] is the
graded vector space whose i-th graded summand is the (i + k)-th graded summand
of V.

1.10 Outline of the Dissertation
In the remainder of this introduction, we give a detailed outline of the dissertation.

Chapter 2 is based on the pre-print [Rab20] and defines the classical bulk-boundary
systems which we consider in this dissertation (Definitions 2.2.4, 2.2.21, and 2.2.25). These
definitions, except Definition 2.2.25, are due to Butson and Yoo. The main result of the
Chapter is the construction in Section 2.4 of a P0 factorization algebra of classical observ-
ables for a classical bulk-boundary system. We actually construct two equivalent factor-
ization algebras: one which is easy to define and understand (Definition 2.4.1 and Theo-
rem 2.4.3), and one for which the P0 structure is manifest (Theorem 2.4.5). We also expand
on the derived geometric interpretation of bulk-boundary systems sketched in Section 1.4.
In particular, we show that the canonical map from bulk fields to boundary fields is a La-
grangian map (Definition 2.2.17 and Lemma 2.2.20), and we show that the imposition of
boundary conditions serves to form a homotopy intersection of two Lagrangians in the
boundary fields (Lemma 2.2.28). In Section 2.3, which is somewhat outside the main line
of development of the rest of the Chapter, we study the theory of local functionals on
manifolds with boundary. This section does not appear in the pre-print [Rab20]. We give
an interpretation of local functionals in terms of DM-modules analogous to the discussion
in Section 6 of Chapter 5 of [Cos11]. The theory of local functionals is helpful in the study
of the deformation theory of quantum bulk-boundary systems. Finally, in Section 2.5, we
study two simple bulk-boundary systems and their factorization algebras of observables,
namely topological mechanics and one-dimensional BF theory. We formulate these the-
ories on R≥0 and show that they can be described by factorization algebras of the form
FA,M (see Section 1.5 for the definition of FA,M) for a suitable algebra A and right pointed
A-module M.

In Chapter 3, we execute the quantization of free bulk-boundary systems. Chapter
3 is based on joint work with Owen Gwilliam and Brian Williams and has appeared as
[GRW20]. For free theories, one may use a functional analytic result known as the Atiyah-
Bott lemma to provide a more convenient model of the classical observables than given
for general bulk-boundary systems in Chapter 2. This more convenient model also ex-
hibits a very natural deformation quantization. This discussion culminates in Theorems
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3.3.10 and 3.3.13. Butson and Yoo have shown that boundary conditions, in the general-
ity which we consider in this dissertation, can be described by Poisson BV theories, and
that these boundary conditions possess P0 factorization algebras of classical observables
on the boundary ∂M. In the case of free theories, there is a natural ansatz for a deforma-
tion quantization of this factorization algebra on ∂M. In the bulk, that is in the interior
M̊, Costello and Gwilliam have given a construction of a factorization algebra of quan-
tum observables for a free theory. The main theorem, Theorem 3.4.3, of Chapter 3 shows
that the bulk-boundary quantum observables reproduce—in the precise way specified
in the statement of the theorem—both the bulk quantum observables and the boundary
quantum observables. We then apply this theorem to a number of examples: topologi-
cal mechanics, the Poisson sigma model with linear target, abelian Chern-Simons/chiral
WZW theory, and higher-dimensional analogues of the CS/WZW system.

Chapter 4 extends the results of the previous chapter to define general quantum bulk-
boundary systems and their factorization algebras. To extend the heat kernel methods
outlined in Section 1.3, we make use of a doubling procedure familiar from physics, which
we introduce in Section 4.2. (In physics, the method is also known as the “method of im-
age charges” or the “method of mirror images.”) This doubling procedure will require
a further restriction on the bulk-boundary systems we consider, but the “universal bulk
theories” of Poisson BV theories and almost all of the examples of interest to us survive
this cut. In Section 4.3, we define the appropriate generalizations of the regularized prop-
agators P(ε, L) discussed in Section 1.3. Finally, in Section 4.4 (Definition 4.4.16), we de-
fine what we mean by a quantum bulk-boundary system. We then proceed to study the
renormalization and obstruction theory of quantum bulk-boundary systems, extending
the results of Costello. Finally, in Section 4.7 (Theorem 4.7.6 and the discussion immedi-
ately succeeding it), we construct the quantum observables of a quantum bulk-boundary
system.

Chapter 5 applies the general formalism of the preceding chapters to an example
where the spacetime manifold is R≥0. The example is BF theory in one dimension. This
example has the following interpretation in terms of representation theory. Given a Lie
algebra g, we consider the 0-shifted symplectic formal moduli problem T∗(Bg).

The cotangent fiber defines a Lagrangian in this 0-shifted symplectic formal moduli
problem; the algebra of functions on this Lagrangian is Sym(g[1]). As expected from the
theory of Butson and Yoo, this algebra has a natural (+1)-shifted Poisson bracket which,
on linear elements x, y ∈ g[1] is simply given by the Lie bracket:

{x, y} = [x, y]. (1.10.1)

(Note: this Poisson bracket is not compatible with the algebra structure on Sym(g[1]).)
One may then understand the Chevalley-Eilenberg chains C•(g) as a deformation quanti-
zation of the P0 algebra Sym(g[1]). We will see in a moment that this information encodes
the information of one-dimensional BF theory at the boundary {0} ⊂ R≥0.

The representation theory corresponding to the behavior of 1D BF theory in the bulk
is also interesting. First, we note that C•(g, Sym(g[1]))—the algebra of functions on
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T∗(Bg)—is naturally a P1 algebra, i.e. a Poisson algebra, since it is the algebra of func-
tions on a 0-shifted symplectic space. There is a forgetful functor from the category of P1
algebras to the category of (homotopy) P0 algebras. The natural P0 deformation quanti-
zation of O(T∗(Bg)) is then C•(g, C•(g)).

The main Theorems of Chapter 5 (cf. Theorems 5.0.1 and 5.0.2) show that:

1. There exists a quantum bulk-boundary system quantizing classical BF theory on
R≥0, and

2. The cochain complex of boundary observables for this bulk-boundary system is
equivalent to C•(g) and the cochain complex of bulk observables is equivalent to
C•(g, C•(g)).

The bulk observables form a locally constant factorization algebra on R>0 and hence one
should be expect the structure of a dg associative algebra on C•(g, C•(g)). This algebra
should be a deformation quantization of the classical Poisson algebra O(T∗(Bg)). Kostant
and Sternberg [KS87] have given a description of this algebra structure, and we expect
that one may refine the results of Chapter 5 to make a statement about the bulk factoriza-
tion algebra. We leave this, however, to future work.

In section 1.8, we have introduced some of the main functional-analytic ingredients
used in our formalism. We have also shown how to endow spaces of (compactly-supported)
sections of a vector bundle E → M with the structure of a convenient or differentiable
vector space. Further, we have introduced a preferred tensor product ⊗̂β, and have ob-
tained an explicit characterization of the completed bornological tensor product of two
vector spaces arising as the spaces of sections of vector bundles. We have also given a
similar characterization of the internal hom in the category DVS. However, we need to
extend these characterizations to spaces of sections with boundary conditions imposed. That
is the task of the Appendix. In Section A.1, we characterize the completed bornological
tensor product of vector spaces of sections of vector bundles with boundary conditions
imposed. In Section A.2, we do the same thing for the inner homs of such spaces of sec-
tions, specifically with target R. Finally, we prove a lemma generalizing the Atiyah-Bott
lemma. This lemma allows the simple description of the quantum observables of a free
theory in Chapter 3.
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Chapter 2

Classical Bulk-Boundary Systems

2.1 Overview of Chapter
In this chapter, we define and study factorization algebras for classical bulk-boundary
systems. A preliminary version of this chapter, excluding Section 2.3, has appeared on the
preprint server ArXiv as [Rab20]. We will fix throughout a manifold M with boundary ∂M
and we will denote the inclusion ∂M ↪→ M with the letter ι . T he manifold M serves as
the spacetime background for the theory. As discussed above, the bulk-boundary systems
we will consider arise from a certain class of theories, the TNBFTs (see Definition 2.2.4,
below).

In [CG], Costello and Gwilliam construct factorization algebras of observables for clas-
sical and quantum field theories on manifolds without boundary. They also exhibit a P0
(+1-shifted Poisson, i.e. the bracket has degree +1 as an operator) structure on the fac-
torization algebra of classical observables. The main ingredient in their constructions at
the classical level is the Batalin-Vilkovisky (BV) formalism [BV81], which has a geometric
interpretation in terms of (–1)-shifted symplectic structures [Sch93], [Ale+97], [Pan+13].

Our aim in the present work is to execute the same constructions for certain field
theories on manifolds with boundary. In Chapter 3, based on joint work with Owen
Gwilliam and Brian Williams, we discuss the quantization of the classical factorization
algebras described here for free bulk-boundary systems. Finally, in Chapter 4, we perform
the quantization of the factorization algebras for general, i.e. interacting, bulk-boundary
systems.

In the version of the BV formalism of [Cos11], [CG17], and [CG], a classical pertur-
bative BV theory on the manifold without boundary M̊ := M\∂M is specified by a Z-
graded vector bundle E → M̊ (whose space of sections E furnishes the space of fields
for the theory) together with a (−1)-shifted fiberwise symplectic structure 〈·, ·〉E and a
cohomological degree 0 local action functional S satisfying the classical master equation
{S, S} = 0. One may easily extend E, 〈·, ·〉E, and S to M; however, the presence of the
boundary ∂M makes the consideration of the classical master equation more subtle, since,
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in almost all cases, one uses integration by parts to verify that {S, S} = 0 on M̊. Put in a
different way, the space of fields ceases to be (–1)-shifted symplectic once we pass from
M̊ to M.

Our solution is to impose boundary conditions on the fields (the space E ) so that the
boundary terms obstructing the classical master equation vanish when restricted to the
fields with this boundary condition. We note that the imposition of boundary terms is not
a novel idea. What is notable about our approach, however, is that we impose boundary
conditions in a way that is consistent with the interpretation of the BV formalism in terms
of the geometry of shifted symplectic spaces. Namely, we are careful to ensure that the
imposition of the boundary conditions happens in a homotopically coherent way. The
payoff is two-fold. First, we find that the space of fields with the boundary condition
imposed is indeed (–1)-shifted symplectic, using general facts about shifted symplectic
geometry. Second, we guarantee that our constructions naturally take into account the
gauge symmetry of the problem—there is no need to separately impose boundary condi-
tions on the fields, ghosts, etc.

Furthermore, we ask for our boundary conditions to be suitably local (see Definition
2.2.21). The locality condition ensures that even after the boundary condition is imposed,
the fields remain the space of global sections of a sheaf on M: this allows us to carry
through the constructions of [CG] almost without change, namely we can construct fac-
torization algebras of observables by following [CG] mutatis mutandis.

Let us say a bit more about the class of field theories we consider. These are the the-
ories which are so-called “topological normal to the boundary” (first defined in [BY16];
see also Definition 2.2.4). We will often use the acronym TNBFT to stand for “field the-
ory which is topological normal to the boundary.” For a TNBFT we require that, roughly
speaking, in a tubular neighborhood T ∼= ∂M × [0,ε) of the boundary ∂M, the space of
fields E (the sheaf of sections of the bundle E introduced above) admits a decomposition

E∂ |T ⊗̂βΩ•[0,ε), (2.1.1)

where E∂ is a 0-shifted symplectic space living on the boundary ∂M, and arising, like E ,
from a Z-graded bundle E∂ → ∂M. We require all relevant structures on E to decompose
in a natural way with respect to this product structure. A pair consisting of a TNBFT E
and a boundary condition for E will be termed a classical bulk-boundary system. Though
this term properly applies to a much more general class of objects, we use it here to avoid
bulky terminology. The reason for restricting our attention to TNBFTs is that such the-
ories have a prescribed simple behavior near the boundary ∂M. This behavior makes it
easier to verify the Weiss cosheaf condition for the factorization algebra of observables
of a classical bulk-boundary system. This behavior also enables us to study heat kernel
renormalization of bulk-boundary systems in Chapter 4.

Important examples of TNBFTs are of course the topological theories: BF theory, Chern-
Simons theory, the Poisson sigma model, and topological mechanics. However, even for
topological theories, we may consider boundary conditions which are not topological in
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nature. For example, one may study in Chern-Simons theory the chiral Wess-Zumino-
Witten boundary condition, whose definition requires the choice of a complex structure
on the boundary surface. One may also study theories which have a dependence on
arbitrary geometric structures on the boundary ∂M, as long as their dependence in the
direction normal to ∂M is topological. Mixed BF theory, Example 2.2.12 is one such exam-
ple; it depends on the choice of a complex structure on the boundary of a three manifold
of the form N ×R≥0, where N is a surface.

As discussed in Chapter 1, the “universal bulk theories” of Poisson BV theories are
naturally TNBFTs, and so fall in the class of theories we consider. For the sake of brevity,
we do not discuss universal bulk theories at any length; however, the techniques pre-
sented here are designed to apply in particular to universal bulk theories (with their
canonical boundary condition).

2.2 Classical Bulk-Boundary Systems
In this section, we introduce the basic classical field-theoretic objects with which we work,
namely we introduce the notion of a classical bulk-boundary system. We use the Batalin-
Vilkovisky (BV) formalism as the natural language for quantum field theory, which en-
codes both the equations of motion and the symmetries of a field theory in an intrinsically
homotopically invariant fashion. The theories we consider are called “topological normal
to the boundary” (TNBFT), a notion which we discuss in Section 2.2. The definition we
use here is due to Butson and Yoo [BY16]. For a manifold with boundary M, a TNBFT is
a field theory on M̊ (the interior of M) which has a specified behavior of the field theory
near the boundary. As the name suggests, the solutions to the equations of motion of
a TNBFT are constant along the direction normal to the boundary ∂M in some tubular
neighborhood T ∼= ∂M× [0,ε) of the boundary.

In Section 2.2, we introduce boundary conditions for TNBFTs and discuss the homo-
topical interpretation of the resulting bulk-boundary systems.

Classical Field Theories on Manifolds with Boundary

Before elaborating on the definition of a TNBFT, let us first recall what is meant by a
perturbative classical field theory on M̊. The definition here follows [CG].

Definition 2.2.1. A perturbative classical BV theory on M̊ consists of

1. a Z-graded vector bundle E→ M̊ ,

2. sheaf maps
`k : (E [−1])⊗̂βk → E [−1] (2.2.1)

of degree 2− k,
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3. and a degree −1 bundle map

〈·, ·〉loc : E⊗ E→ DensM̊, (2.2.2)

The objects E, `k, 〈·, ·〉loc are required to satisfy the following properties:

• the maps `k turn E [−1] into a sheaf of L∞ algebras;

• the maps `k are polydifferential operators (we will call the pair (E [−1], `k) a
local L∞ algebra on M̊;

• the complex (E , `1) is elliptic;

• the pairing 〈·, ·〉loc is fiberwise non-degenerate;

• let us denote by 〈·, ·〉 the induced map of precosheaves

Ec ⊗ Ec → R (2.2.3)

given by using the fiberwise pairing 〈·, ·〉loc, and then integrating the result.
(Here, R is the constant pre-cosheaf assigning R to each open subset.) We use
the same notation for the pairing induced on Ec[−1]. We require that, endowed
with this pairing, E [−1] becomes a precosheaf of cyclic L∞ algebras (on Ec[−1],
the pairing has degree –3).

We will often think of E as a sheaf of 0-shifted symplectic formal moduli problems on
M̊. This is simply a way of recasting the axioms above in a more geometric language.

Remark 2.2.2: To a field theory in the above sense, we may associate the following element
of

∏
k≥1

CVS
(

E
⊗̂βk
c ,R

)Sk

, (2.2.4)

(the space of functionals on E ):

S(ϕ) = ∑
k≥1

1
(k + 1)!

〈ϕ, `k(ϕ, . . . ,ϕ)〉 , (2.2.5)

which is usually denoted the classical action functional of the theory. We also make the
definition

I(ϕ) = ∑
k≥2

1
(k + 1)!

〈ϕ, `k(ϕ, . . . ,ϕ)〉 (2.2.6)

(i.e. I remembers only the brackets of arity at least 2). This is the classical interaction
functional of the theory. The cyclicity of the brackets `k with respect to the pairing 〈·, ·〉
guarantees that S and I are symmetric in their inputs. ♦
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Remark 2.2.3: The ellipticity of the complex (E , `1) is not a necessary requirement from the
standpoint of physics, and in fact, there is no need for this requirement in the definition
of a classical BV theory. We include it here because the theory of elliptic PDE furnishes a
wealth of tools which make it possible to develop a framework for renormalization. This
latter point will be clearer in Chapter 4. ♦

We now specify the precise definition of a TNBFT. The following definition is adapted
from Definitions 3.8 and 3.9 of [BY16].

Definition 2.2.4. A field theory on M which is topological normal to the boundary is
specified, as in Definition 2.2.1, by a Z-graded bundle E → M, a collection of sheaf maps
`k, and a bundle map 〈·, ·〉loc. We also specify the following data:

1. a Z-graded bundle E∂ → ∂M ;

2. a collection of sheaf maps

`k,∂ : (E∂[−1])⊗k → E∂[−1]; (2.2.7)

3. and a degree 0 bundle map

〈·, ·〉loc,∂ : E∂ ⊗ E∂ → Dens∂M. (2.2.8)

4. In some tubular neighborhood T ∼= ∂M× [0,ε) of ∂M, an isomorphism

φ : E |T∼= E∂ �Λ•T∗[0,ε). (2.2.9)

We require the following to hold:

• The k-th graded summand Ek of E is zero for |k|>> 0.

• When E, `k, and 〈·, ·〉loc are restricted to M̊, the resulting data satisfy the conditions
to be a classical BV theory on M̊.

• The data (E∂, `k,∂, 〈·, ·〉loc,∂) satisfy all the requirements of Definition 2.2.1 (with the
degree −1 pairing 〈·, ·〉loc replaced by the degree 0 pairing 〈·, ·〉loc,∂).

• The isomorphismφ respects all relevant structures. More precisely, we require

– Over T, the induced isomorphism

ϕ : E [−1] |T∼= E∂[−1]⊗̂βΩ•[0,ε) (2.2.10)

is an isomorphism of (sheaves of) L∞ algebras. Here, the target of ϕ has the
L∞-algebra structure induced from its decomposition as a tensor product of an
L∞ algebra with a commutative differential graded algebra.
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– Over T, the fiberwise pairing 〈·, ·〉loc is identified with the tensor product of the
pairing 〈·, ·〉loc,∂ and the wedge product pairing

∧
on Λ•T∗[0,ε).

Before listing examples of TNBFTs, let us mention a few of their properties which
follow directly from the definitions. First, however, we need to establish a definition:

Definition 2.2.5. Let ι : ∂M → M denote the inclusion. Given a TNBFT (E , E∂, · · ·), the
canonical submersion is the composite sheaf map

ρ : E → ι∗E∂ (2.2.11)

which arises as the composite of

1. The restriction
E (U)→ E (U ∩ T), (2.2.12)

2. the isomorphism
E (U ∩ T) ∼= (E∂⊗̂βΩ•[0,ε))(U ∩ T), (2.2.13)

3. and the “pullback to t = 0” map

(E∂⊗̂βΩ•[0,ε))(U ∩ T)→ E∂(U ∩ ∂M). (2.2.14)

Remark 2.2.6: One can extract a BV-BFV theory ([CMR18]) from a classical TNBFT, using E
as the bulk space of fields and E∂ as the boundary fields. The assumptions in the definition
guarantee that the general procedure of symplectic reduction in [CMR18] outputs E∂ as
the phase space for E . ♦

Remark 2.2.7: Occasionally, when we wish to emphasize the interpretation of E (respec-
tively, E∂) as formal moduli spaces (as in [CG]), we will refer to E (respectively, E∂) as a
local, (–1)-shifted (respectively, 0-shifted) symplectic formal moduli problem. ♦

The following facts follow in a straightforward manner from the definitions.

Proposition 2.2.8. 1. The canonical surjection ρ, when thought of as a map

E [−1]→ ι∗E∂[−1], (2.2.15)

is a strict map of sheaves of L∞ algebras on M (i.e. it strictly intertwines the opera-
tions `k and `k,∂).

2. The only failure of (Ec[−1], `k, 〈·, ·〉) to be a precosheaf of cyclic L∞ algebras on M
is encoded in the equation

〈`1e1, e2〉+ (−1)|e1| 〈e1, `1e2〉 = 〈ρe1,ρe2〉∂ , (2.2.16)

where e1 and e2 are compactly-supported sections of E → M (the support of such
sections may intersect ∂M).
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Remark 2.2.9: We avoid interpreting TNBFTs in terms of local action functionals solving
the classical master equation because of the subtleties which arise in defining the Poisson
bracket of local functionals on manifolds with boundary. These subtleties will disappear
once we impose boundary conditions. ♦

Let us move on to discuss some examples of TNBFTs.

Example 2.2.10: Let M = [a, b], and V a symplectic vector space. For E we take Ω•M ⊗ V
with the de Rham differential and the “wedge-and-integrate” pairing. It is straightfor-
ward to verify that E is a TNBFT, with E∂ = V ⊕ V. This theory is called topological
mechanics. ♦

Example 2.2.11: Let M be an oriented n-manifold with boundary ∂M; let g be a finite-rank
Lie algebra. (Topological) BF theory on M has space of fields

E = (Ω•M ⊗ g[1])⊕
(
Ω•M ⊗ g∨[n− 2]

)
. (2.2.17)

The L∞ structure on E [−1] is the natural such structure obtained from considering E [−1]
as the tensor product of the differential graded commutative algebra Ω•M with the graded
Lie algebra g⊕ g[n− 3]. The pairing 〈·, ·〉loc is given by wedge product of forms, followed
by projection onto the top form degree.

The boundary data are given similarly by

E∂ = (Ω•
∂M ⊗ g[1])⊕

(
Ω•

∂M ⊗ g∨[n− 2]
)

(2.2.18)

with analogous L∞ structure and pairing 〈·, ·〉loc,∂.
In general, if g is an L∞ algebra, the same definitions can be made. Furthermore, if

M is not orientable, one can make the same definitions by replacing the g∨-valued forms
with g∨-valued twisted forms. ♦

Example 2.2.12: Let Σ be a Riemann surface and g a Lie algebra. Mixed BF theory is a
theory on Σ×R≥0 whose space of fields is

E = Ω0,•
Σ ⊗̂βΩ

•
R≥0
⊗ g[1]⊕Ω1,•

Σ ⊗̂βΩ
•
R≥0
⊗ g∨; (2.2.19)

the differential on the space of fields is ∂̄ + ddR,t (where t denotes the coordinate on R≥0);
the only non-zero bracket of arity greater than 1 is the two-bracket, which arises from the
wedge product of forms and the Lie algebra structure of g (and its action on g∨). One
defines 〈·, ·〉loc in an analogous way to the corresponding object in topological BF theory.

The boundary data are given by the space of boundary fields

E∂ = Ω0,•
Σ ⊗ g[1]⊕Ω1,•

Σ ⊗ g, (2.2.20)

with similar definitions for the brackets and pairing.
Mixed BF theory may be similarly formulated on any manifold of the form X × N,

where X is a complex manifold and N is a smooth manifold with boundary. ♦
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Example 2.2.13: Let M be an oriented 3-manifold with boundary, and g a Lie algebra with
a symmetric, non-degenerate pairing κ. Chern-Simons theory on M is given by space of
fields

E = Ω•M ⊗ g[1]; (2.2.21)

E [−1] has the L∞ structure induced from considering it as the tensor product of the com-
mutative differential graded algebra Ω•M with the Lie algebra g. The pairing 〈·, ·〉loc uses
the wedge product of forms and the invariant pairing g.

The boundary data are encoded in the boundary fields

E∂ = Ω•
∂M ⊗ g[1], (2.2.22)

with brackets and pairing 〈·, ·〉loc,∂ defined similarly to the analogous structures on the
bulk fields E .

We note that, on manifolds of the form Σ×R≥0, Chern-Simons theory is a deformation
of mixed BF theory (see [Aga+17] or [GW19] for details). ♦

Example 2.2.14: Let N be a manifold without boundar, and let (G , `1, `2) be an elliptic
differential graded Lie algebra on N (i.e. G is a local differential graded Lie algebra such
that the complex (G , `1) is elliptic). G -BF theory is the theory on N ×R≥0 with sheaf of
fields

G ⊗̂βΩ•R≥0
[1]⊕ G !⊗̂βΩ•R≥0[−1]; (2.2.23)

the brackets and pairing on this sheaf of fields are defined by analogy with the preceding
examples. ♦

Remark 2.2.15: Many of the theories we consider are fully topological in nature (topologi-
cal BF theory, Chern-Simons theory, the Poisson sigma model, and topological mechanics
are all of this form). However, we will see that even for topological theories, we can
choose a non-topological boundary condition. This is notably true for Chern-Simons the-
ory. ♦

Remark 2.2.16: As noted in the introduction, one of the main sources of examples of TNBFTs
is the class of so-called “degenerate” BV theories ([BY16]). Every degenerate theory T on a
manifold N gives rise to a (“non-degenerate”) TNBFT on N×R≥0, which Butson and Yoo
call the “universal bulk theory for T”. We refer the reader to [BY16], Definitions 2.34 and
3.18 for the definitions of these notions, since we do not use them explicitly at any length.
We note only that BF theory, mixed BF theory, the Poisson sigma model, Chern-Simons
theory, and G -BF theory (on spaces of the form N ×R≥0) arise in this way. ♦

Boundary conditions and homotopy pullbacks

In this section, we study boundary conditions for TNBFTs. Our main goal is to provide a
derived geometric interpretation for the imposition of boundary conditions, as discussed
in Chapter 1.
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Boundary conditions

Equation (2.2.16) tells us that the space of fields E of a TNBFT on M is not (−1)-shifted
symplectic. However, we do have a map ρ : E (M) → E∂(∂M) and E∂(∂M) has a 0-
shifted symplectic structure. We will construct a Lagrangian structure on the map ρ,
using Equation (2.2.16). If we are given another Lagrangian L (M) → E∂(M), then by
Example 3.2 of [Cal14], we can expect that the homotopy fiber product

E (M)×h
E∂(∂M) L (M)

have a (−1)-shifted symplectic structure. We will call this second Lagrangian L (M) a
boundary condition. The purpose of this section is to carry out this general philosophy
more precisely, and in a sheaf-theoretic manner on M.

Definition 2.2.17. Let F be the sheaf of sections of a bundle F → M and suppose that
F [−1] is a local L∞-algebra on M with brackets `i. Suppose that G is a 0-shifted sym-
plectic local formal moduli problem on ∂M (i.e. G satisfies the axioms that E∂ does in
Definition 2.2.4), and ρ : F [−1] → ι∗G [−1] a map of sheaves with the following proper-
ties:

• ρ intertwines the L∞ brackets (strictly), and

• ρ is given by the action of a differential operator acting on F , followed by evaluation
at the boundary, followed by a differential operator

C∞(∂M, F |∂M)→ G . (2.2.24)

Suppose
hF : F⊗ F→ DensM. (2.2.25)

is a bundle map. We write hloc for the induced map

hloc : F ⊗F → Ωn
M,tw (2.2.26)

and h for the induced pairing on compactly-supported sections of F.

1. The pairing h is a constant local isotropic structure on ρ precisely if

h(`1 f1, f2) + (−1)| f1|h( f1, `1 f2) = 〈ρ f1,ρ f2〉G , (2.2.27)

where 〈·, ·〉G is the symplectic pairing on G , and

h(`k( f1, · · · , fk), fk+1)± h( f1, `k( f2, · · · , fk+1)) = 0 (2.2.28)

for k > 1.
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2. A constant local isotropic structure induces a map of complexes of sheaves

Ψ : Cone(ρ)→ F∨c , (2.2.29)

Ψ( f , g)( f ′) = h( f , f ′)−ω(g,ρ( f ′)). (2.2.30)

We say that the isotropic structure is Lagrangian (i.e. that there is a constant local La-
grangian structure on ρ) if this map of complexes of sheaves is a quasi-isomorphism.
Here, the symbol ∨ denotes the sheaf which, to an open U ⊂ M, assigns the strong
continuous dual to Fc(U). In other words, F∨c is the sheaf of distributional sections
of F!.

Remark 2.2.18: Let us give a more geometric interpretation of the definition of isotropic
structure. To this end, let g and h be L∞ algebras and ρ : g → h a strict L∞ map. The
algebras g and h define formal moduli spaces Bg and Bh. Let us suppose that Bh is 0-
shifted symplectic with symplectic form 〈·, ·〉h. Then, an isotropic structure on the map ρ
is an element h ∈ Ω2

cl(Bg) (the complex of closed two-forms on Bg) such that

QTOTh = ρ∗
(
〈·, ·〉h

)
, (2.2.31)

where QTOT is the total differential on Ω2
cl(Bg), which includes a Chevalley-Eilenberg

term and a de Rham term. If one requires that both 〈·, ·〉h and h be constant on Bh (i.e.
are specified by elements of Λ2(h[1])∨), then one obtains precisely Equations (2.2.27) and
(2.2.28) from Equation (2.2.31). ♦

Remark 2.2.19: Definition 2.2.17 is an adaptation to the setting of local L∞ algebras of the
corresponding definitions for derived Artin stacks given in Section 2.2 of [Pan+13]. ♦

Lemma 2.2.20. The pairing 〈·, ·〉E endows the map E → E∂ with a constant local La-
grangian structure.

Proof. Equation (2.2.16) implies Equation (2.2.27), while the invariance of 〈·, ·〉E under the
higher (k > 1) brackets implies Equation (2.2.28). Hence 〈·, ·〉E gives a constant local
isotropic structure on ρ. We need only to check that the induced map of sheaves(

E [1]⊕ ι∗E∂, `1 + `1,∂ ± ρ
)
→ E ∨c (2.2.32)

is a quasi-isomorphism of sheaves. We prove this as follows: first, we note that for an
open U ⊂ M which does not intersect ∂M, we are studying the map

E [1](U)→ E !(U)→ Ec(U)∨, (2.2.33)

where the first map is induced from the isomorphism E[1] → E! arising from 〈·, ·〉E. The
composite map is a quasi-isomorphism because the first map is an isomorphism and the
second map is the quasi-isomorphism of the Atiyah-Bott lemma (see, e.g., Appendix D of
[CG17]).
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Now, let U ∼= U′ × [0, δ), where U′ is an open subset of ∂M and U ⊂ T. We will show
that both

(E (U)[1]⊕ E∂(U
′), Qcone) (2.2.34)

and E ∨c are acyclic. Let’s start with the latter complex. The following heuristic argument
explains why one should expect the complex Ec(U) to be acyclic. Because the theory
topological normal to the boundary, any e ∈ Ec(U) is cohomologous to its evaluation at
some t ∈ [0, δ). Because e is compactly-supported, evaluation at a sufficiently large t will
give 0.

To make the preceding argument precise, write e = e1 + e2dt for e ∈ Ec(U), and con-
sider the map

K : Ec(U)[−1]→ Ec(U) (2.2.35)

K(e)(t) = (−1)|e2|+1
∫ δ

t
e2(s)ds; (2.2.36)

one verifies that K is a contracting homotopy for Ec(U):

`1K(e) = e2 ∧ dt + (−1)|e2|+1
∫ δ

t
`1,∂e2(s)ds (2.2.37)

K`1(e)(t) = −e1(δ) + e1(t) + (−1)|e2|
∫ δ

t
`1,∂e2(s)ds, (2.2.38)

so that `1K +K`1 = id. Here, we have used the fact that e1(δ) is 0 by the compact-support
condition. By duality we have constructed a contracting homotopy for E ∨c .

Next, consider (E (U)[1]⊕E∂(U′), Qcone). There is a natural mapφ : E∂(U′)→ E (U) ∼=
E∂(U′)⊗̂βΩ•[0,ε)([0, δ)) induced from the map C → Ω•[0,ε)([0, δ)). Let C denote the map-
ping cone for the identity map on E∂(U′), and define the map

Φ : C→ cone(ρ)(U) (2.2.39)
Φ(α0,α1) = (φ(α0),α1). (2.2.40)

It is straightforward to check that Φ is a quasi-isomorphism. Hence, cone(ρ)(U) is acyclic.
We have shown that, for every point x ∈ M, and any neighborhood V of x, we have a
neighborhood U ⊂ V of x on which the sheaf map under study is a quasi-isomorphism.
This map is therefore a quasi-isomorphism of complexes of sheaves.

We would now like to choose another Lagrangian L → E∂, so that the homotopy pull-
back L ×h

E∂
E is (−1)-shifted. To make this precise, we need to choose a model category

in which to take the homotopy pullback, and we need to introduce an appropriate class
of Lagrangians L which we will study. The following definition is intended to fulfill the
latter aim.
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Definition 2.2.21. Let E be a TNBFT. A local boundary condition for E is a subbundle
L ⊂ E∂ endowed with brackets `L,i making L[−1] into a local L∞ algebra satisfying the
following properties:

• The induced map L → E∂ of sheaves of sections on ∂M intertwines (strictly) the
brackets,

• 〈·, ·〉E∂
is identically zero on L⊗ L, and

• there exists a vector bundle complement L′ ⊂ E∂ on which 〈·, ·〉E∂
is also zero.

Such data are considered a local boundary condition because the map L → E∂ arises from
a bundle map L ⊂ E∂. Since we have no need for boundary conditions which are not of
this form, we will use the term “boundary condition” when we mean “local boundary
condition.”

Example 2.2.22: Recall from Example 2.2.10 that a symplectic vector space V provides a
TNBFT on R≥0. It is straightforward to check that a Lagrangian subspace L ⊂ V = E∂

gives a local boundary condition for this theory. ♦

Example 2.2.23: One can define two boundary conditions for BF theory (Example 2.2.11).
Recall that the space of boundary fields is

E∂ = Ω•
∂M ⊗ g[1]⊕Ω•

∂M,tw ⊗ g∨[n− 2];

we may take either of these two summands as a boundary condition. We will call the
former boundary condition the A condition and the latter the B condition. ♦

Example 2.2.24: For Chern-Simons theory on an oriented 3-manifold M, the sheaf of bound-
ary fields is

Ω•
∂M ⊗ g[1]; (2.2.41)

let us choose a complex structure on ∂M. Then, it is straightforward to verify that Ω1,•
∂M⊗ g

gives a local boundary condition, the chiral Wess-Zumino-Witten boundary condition.
The Chern-Simons/chiral Wess-Zumino-Witten system for abelian g is the central exam-
ple of Chapter 3. ♦

The L -conditioned fields

In this section, we define what we mean by a classical bulk-boundary system, and we
give the promised homotopy-theoretic interpretation of the imposition of the boundary
condition.

Definition 2.2.25. Given a TNBFT (E , E∂, 〈·, ·〉) and a boundary condition L ⊂ E∂, the
space of L -conditioned fields EL is the complex of sheaves

EL (U) := {e ∈ E (U) | ρ(e) ∈ (ι∗L )(U)} (2.2.42)
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of fields in E satisfying the boundary condition specified by L . In other words, EL is the
(strict) pullback E ×ι∗E∂

(ι∗L ) taken in the category of presheaves of complexes on M.
A classical bulk-boundary system is a TNBFT together with a boundary condition.

Remark 2.2.26: The term “bulk-boundary system” is appropriate for a much more general
class of field-theoretic information. However, since we study only this specific type of
bulk-boundary system, we omit qualifying adjectives from the terminology. ♦

Lemma 2.2.27. The brackets on E [−1] descend to brackets on EL [−1], and

(EL , `i, 〈·, ·〉E ) (2.2.43)

forms a classical BV theory in the sense of Definition 2.2.1, except that EL is not the sheaf
of sections of a vector bundle on M.

Proof. The first statement follows from the fact that EL [−1] is a pullback of sheaves of L∞-
algebras on M. The only thing that remains to be verified is that the the pairing 〈·, ·〉E is
cyclic with respect to the brackets `i, once we restrict to EL . By our assumptions, the only
failure of the brackets to be cyclic for E is captured in Equation (2.2.16). Upon restriction
to EL , however, the boundary term in that equation vanishes.

The previous lemma shows that the pullback

E ×ι∗E∂
(ι∗L ) (2.2.44)

in the category of presheaves of shifted L∞ algebras on M has a (−1)-shifted symplectic
structure. In the rest of this section, we explain why this is not an accident.

As we have noted in Lemma 2.2.20, the map E → ι∗E∂ is a Lagrangian map. Moreover,
the map L → E∂ is also Lagrangian by assumption. We should therefore expect the
homotopy pullback E ×h

ι∗E∂
(ι∗L ) (in an appropriate model category) to have a (−1)-

shifted symplectic structure. The space of L -conditioned fields EL is a priori only the
strict pullback. However, on Lemma 2.2.28 below, we will show that EL is indeed a
model for this homotopy pullback.

Let us first, however, describe the model category in which we would take the homo-
topy fiber product. The sheaves E [−1], ι∗E∂[−1], ι∗L [−1] are presheaves of L∞-algebras
on M. In [Hin05] (Theorem 2.2.1), a model structure on the category of such objects
is given. The weak equivalences in this model category are those which induce quasi-
isomorphisms of complexes of sheaves after sheafification, and the fibrations f : M → N
are the maps such that f (U) : M(U) → N(U) is surjective (degree by degree) for each
open U and such that for any hypercover V• → U, the corresponding diagram

M(U) Č(V•, M)

N(U) Č(V•, N)

(2.2.45)
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is a homotopy pullback. This information about the model category is enough to show
the following lemma:

Lemma 2.2.28. In the model category briefly described in the preceding paragraph, the
sheaf of L -conditioned fields EL [−1] is a model for the homotopy pullback

(E [−1])×h
ι∗E∂[−1] (ι∗L [−1]) (2.2.46)

of presheaves of L∞-algebras on M.

Proof. We first note the following: E satisfies Čech descent for arbitrary covers in M, and
E∂, L do the same on ∂M, by Lemma B.7.6 of [CG17]. Because the Čech complex for
ι∗L (resp. ι∗E∂) with cover {Uα} is identically the Čech complex for L (resp. E∂) with
cover {Uα ∩ ∂M}, ι∗L and ι∗E∂ satisfy Čech descent as presheaves on M. By Theorem
7.2.3.6 and Proposition 7.2.1.10 of [Lur09], these presheaves satisfy descent for arbitrary
hypercovers. (Strictly speaking, the cited results are only proved for presheaves of sim-
plicial sets on M; however, using the boundedness of E stipulated in Definition 2.2.4, we
can shift all objects involved to be concentrated in non-positive degree and then use the
Dold-Kan correspondence to show that hyperdescent and descent coincide for presheaves
of (globally) bounded complexes.)

We claim that the map E → ι∗E∂ is a fibration, whence the lemma follows immediately.
It is manifest that the maps E (U) → E∂(U ∩ ∂M) are surjective for every open U ⊂ M.
So, it remains to check that the square

E (U) Č(V•, E )

E∂(U) Č(V•, E∂)

(2.2.47)

is a homotopy pullback square of complexes for any hypercover V•. This is true because
the above square is the outer square of the diagram

E (U) Č(V•, E )

Č(V•, E ) Č(V•, E )

Č(V•, E∂) Č(V•, E∂)

E∂(U) Č(V•, E∂)

∼
∼

id

id

∼
∼

; (2.2.48)

all the diagonal maps in the diagram are quasi-isomorphisms, and the inner square is
clearly a homotopy pullback square.
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2.3 Local Action Functionals and D-modules
In this section, we use the language of D-modules to describe the local action functionals
in a TNBFT. Our approach extends the discussion of Section 6 of Chapter 5 of [Cos11].
In so doing, we step somewhat outside the main line of development of this chapter.
We will construct a complex of local action functionals; this complex can be thought of
as the complex of first-order deformations of the bulk-boundary system (E , `k, · · · , L ),
i.e. as the tangent space to the space of classical bulk-boundary systems at the point
defined by (E , `k, · · · , L ). The results of this section are not needed in the construction
of a factorization algebra of classical observables, which we discuss in the next section;
however, we present them here because they concern the classical theory and will be
relevant in the obstruction theory for the quantization of a given classical theory.

Local action functionals

When ∂M = ∅, one defines local action functionals to be of the form

ϕ 7→
∫

M
D1ϕ · · ·Dkϕdµ, (2.3.1)

where the Di are differential operators E → C∞
M and dµ is a density on M. We will define

these to be local action functionals in the case ∂M 6= ∅ as well, but one finds that certain
local functionals in this sense (if they are total derivatives) can be written as integrals of a
similar nature, but over ∂M. Hence, the distinction between a local action functional and
a codimension-one operator becomes blurry.

Before we define local functionals, we make the following definition, which will be
useful in the sequel—in this chapter and especially in Chapter 4.

Definition 2.3.1. Let V be a locally convex topological vector space. The space power
series on V is the following concenient vector space

O(V) :=
∞
∏
k=0

CVS(V⊗̂βk,R), (2.3.2)

where the subscript “bdd” means we take only the bounded linear maps of topological
vector spaces, and the tensor product ⊗̂β is the completed bornological tensor product
(Section B.5.2 of [CG17]).

We may therefore define O(E ), O(Ec), O(EL ), and O(EL ,c).

Definition 2.3.2. The space of local action functionals for the field theory E with bound-
ary condition L is the (linear) subspace of O(EL ,c) spanned by functionals of the form

I(ϕ) =
∫

M
D1ϕ · · ·D jϕdµ. (2.3.3)
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Here, EL ,c denotes the subspace of those fields which have compact support and satisfy
the required boundary condition; all Di are differential operators on E , and in particular,
may depend on the normal derivatives of the fieldϕ near the boundary.

Notation 2.3.3. Let us establish the following notation:

• We denote the space of local functionals by Oloc(EL ).

• We denote by the symbol Oloc,red(EL ) the quotient of Oloc(EL ) by the space of con-
stant functionals.

• We denote by the symbol Oloc(E ) the space of functionals in O(Ec) of the form
(2.3.3).

• We denote by the symbol Oloc,red(E ) the quotient of Oloc(E ) by the space of constant
functionals.

Remark 2.3.4: 1. Though Oloc(EL ) is a subspace of O(EL ,c) (and this latter space is en-
dowed with a topology), we do not wish to view Oloc(EL ) as a topological vector
space. We simply remember the vector space structure underlying Oloc(EL ).

2. Note that the same functional can be written in two different ways, i.e. the repre-
sentation of a local functional I(φ) in the form

∫
M D1ϕ · · ·D jϕdµ is not unique.

♦

We note that Oloc(EL ) contains functionals of the form

I(ϕ) =
∫

∂M
D1(ϕ) |∂M · · ·Dk(ϕ) |∂M dν = −

∫
M

∂

∂t
( f0(t)D1φ · · ·Dkφ) dν dt, (2.3.4)

where the Di are differential operators on E and dν is a density on ∂M. Here, f0 is a
compactly supported function on [0,ε) which is 1 at t = 0. Writing I as on the right-hand
side of the above equation makes clear that it is local.

We obtain a natural filtration of Oloc(EL ) with F0Oloc(EL ) the space of such function-
als and F1Oloc(EL ) = Oloc(EL ). This filtration will be useful to us in the sequel.

The Chevalley-Eilenberg differential on O(EL ,c) preserves Oloc(EL ), so that Oloc(EL )
is a cochain complex. Moreover, Oloc(EL ) evidently has the structure of a presheaf, since
EL ,c is a cosheaf. Thus, Oloc(EL ) is a complex of presheaves. It is also easily seen to be a
complex of sheaves on M.

The case ∂M = ∅
Let us first briefly review the relationship between D-modules and local action function-
als in the case ∂M = ∅. Our discussion follows Section 6 of Chapter 5 of [Cos11].
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Notation 2.3.5. Given a vector bundle E over a manifold M, we let J(E ) denote the
(infinite-rank) bundle over M whose fiber at a point x ∈ M is the space of formal germs
of sections of E at the point x. We let J (E ) denote the sheaf of sections of J(E ). J (E )
has a natural topology which it obtains as the inverse limit of the finite-rank bundles of
r-jets (as r→ ∞). We let J (E )∨ denote the C∞

M module

HomC∞
M
(J (E ), C∞

M), (2.3.5)

where HomC∞
M

denotes C∞
M-module homomorphisms which are continuous for the in-

verse limit topology on J (E ).
We let

O(J (E )) = ∏
k≥0

Symk
C∞

M
J (E )∨. (2.3.6)

The symbol Ored(J (E )) denotes a similar product over k > 0.

J(E ) carries a canonical connection and so J (E ) carries the structure of a left DM-
module. This DM module structure extends to J (E )∨ and O(J (E )). The L∞ brackets
on O(E ) can be used to endow O(J (E )) with a Chevalley-Eilenberg differential. Let
us recall also that the bundle of densities DensM carries a structure of right DM-module,
where vector fields act on densities by the formal adjoints of their actions on functions
(equivalently, by Lie derivatives). When ∂M 6= ∅, we will see that these two DM-module
structures are no longer the same; in fact, one of these DM-module structures will cease
to be defined.

The following is Lemma 6.6.1 of [Cos11]:

Lemma 2.3.6. Suppose ∂M = ∅. There is a canonical map of sheaves

DensM ⊗DM O(J (E ))→ Oloc(E ), (2.3.7)

and it is an isomorphism.

Note that the DM-module tensor product ensures that Lagrangian densities which are
total derivatives give zero as functionals.

We would like to resolve DensM as a right DM-module.

Definition 2.3.7. The DM-de Rham complex is the complex of sheaves

DR•M(DM) := Ω•M,tw ⊗C∞
M

DM; (2.3.8)

this is the de Rham complex for the flat vector bundle DM ⊗ o, where o is the orientation
line bundle on M. The complex of sheaves DR•M(DM) has the canonical structure of a
right DM module.

There is a canonical map DR•M(DM)[n] → Ωn
M,tw induced from the right DM-module

action
Ωn

M,tw ⊗C∞
M

DM → Ωn
M,tw (2.3.9)
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This map is a quasi-isomorphism, since this complex is locally the Koszul resolution of
Ωn

M,tw(U) with respect to the regular sequence {∂I}n
i=1 of DM(U). Combining this infor-

mation and Lemma 6.6.4 of Chapter 5 of [Cos11], we have

Lemma 2.3.8. Let ∂M = ∅. The canonical map

DR•M(DM)[n]⊗DM Ored(J (E ))→ Oloc,red(EL ) (2.3.10)

is a quasi-isomorphism.

Pushforwards and pullbacks of D-modules

Before generalizing to ∂M 6= ∅, we review a number of constructions common in the
formalism of D-modules. In the sequel, there will be a number of situations where we will
be presented with a DM-module but will want a D∂M-module or vice versa; this section
is intended to give us the fluidity to move between the two notions. We will discuss two
functors, ιD and ιD. The functor ιD will take right D∂M-modules to right DM-modules,
and ιD will do the opposite for left D-modules. We note that these techniques can be used
in a more general situation, namely one where ∂M, M, and ι are replaced with general
smooth manifolds X and Y and a general smooth map f : X → Y. Though we do not
explicitly make the constructions for the general setup, it will be clear how to make the
necessary (very small) modifications for the general situation.

We make no claims of originality here.
In both constructions, we will make use of the following sheaf on ∂M:

D∂M→M := C∞
∂M ⊗ι−1(C∞

M) ι
−1(DM); (2.3.11)

this sheaf possesses a manifest right ι−1(DM) action. Let V → M momentarily denote the
bundle on M whose sheaf of sections is DM. (Concretely, V = J(R)∨.) One observes that
D∂M→M is simply the sheaf of sections of ι∗(V). From this characterization of D∂M→M, one
finds also a natural left D∂M action on D∂M→M, using the pullback connection on ι∗(V).
In the language of Equation 2.3.11, given X ∈ Vect(∂M), f ∈ C∞

∂M, and D ∈ ι−1(DM), we
define

X · ( f ⊗ D) := (X f )⊗ D + f ⊗ (X̂D), (2.3.12)

where X̂ is a vector field on M such that

X̂ |∂M= X (2.3.13)

in the space Γ(∂M, ι∗TM). One checks readily that this definition does not depend on X̂
and respects the tensor product over ι−1(C∞

M).
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Pushforward

Let P be a right D∂M module. We may define

ιDP = ι∗
(

P⊗D∂M D∂M→M
)

; (2.3.14)

the sheaf
ι∗(D∂M→M) (2.3.15)

possesses a natural right ι∗ι−1DM module structure, and hence a natural right DM struc-
ture via the map of sheaves of algebras DM → ι∗ι−1DM. It follows that ιDP is a right DM
module.

Note that, for P = D∂M, one finds ιDD∂M
∼= ι∗(D∂M→M).

Pullback

If V is the sheaf of sections of a bundle V → M, then to give a left DM-module structure
on V is to give a flat connection on V. We may form the pullback ι∗V on ∂M; the bundle
ι∗V has a natural “pullback” flat connection, so that its sheaf of sections is a D∂M-module.
In other words, for DM-modules arising in this way as the sheaf of sections of a vector
bundle, we have discussed a construction of pullback to ∂M. Our aim in this section is to
give the analogous construction for general left DM-modules.

Hence, given a left D module P, define

ιDP := D∂M→M ⊗ι−1(DM) ι
−1(P). (2.3.16)

If P is the left DM module DM, one finds that ιDDM
∼= D∂M→M.

A useful compatibility between ιD and ιD

In this subsection, we note

Lemma 2.3.9. Let P be a right D∂M module and Q a left DM-module. There are natural
isomorphisms

ιDP⊗DM Q ∼= ι∗
(

P⊗D∂M ι
DQ
)

(2.3.17)

and
ι−1 (ιDP⊗DM Q

) ∼= P⊗D∂M ι
DQ. (2.3.18)

of sheaves on M and ∂M, respectively.

Oloc(E ) in the D-module language

We now proceed to generalize the discussion of Section 2.3 to the case that ∂M 6= ∅.
There are two new subtleties that arise in this situation. The first is that, when ∂M 6= ∅,
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Lagrangian densities which are total derivatives no longer necessarily give zero as local
action functionals. The second is that we have imposed boundary conditions on the fields,
so some functionals vanish because they depend on components of the boundary value
of fields which are constrained to be zero. In this section, we address the first subtlety.
In Section 2.3, we address the second. To the aim of understanding this first subtlety,
consider the inclusion of C∞

M modules Ωn
M,tw ↪→ DM (where DM object is the sheaf of

distributions on M). Whether or not ∂M = ∅, DM has a DM-module structure; however,
only when ∂M = ∅ is the subspace of smooth densities closed under this DM action. To
see this, letω be a density on M, let Tω denote the corresponding distribution on M, i.e.

Tω( f ) =
∫

M
fω. (2.3.19)

Let X be a vector field on M; then, we find upon integration by parts that

(Tω · X) ( f ) = Tω(X · f ) =
∫

M
(X f )ω = −

∫
M

f LXω+
∫

∂M
f |∂M ι

∗iXω. (2.3.20)

From the last term in this equation, it follows that (Tω) ·X is no longer in general a smooth
density on M if ∂M 6= ∅.

On the other hand, Ωn
M,tw does possess a DM-module structure, even when ∂M 6=

∅, namely the one induced from the action of vector fields on smooth densities by Lie
derivatives. (In other words, this is the action obtained by keeping the first of the two
terms on the right hand side of Equation (2.3.20).) We emphasize that this is not the DM-
module structure relevant for the construction of local functionals. To see this, note that if
D1 · . . . · Dk ∈ O(J (E )) and µ ∈ Ωn

M,tw, we would like to understand µ ⊗ D1 · · · . . . · Dk
as the functional ∫

M
µ D1φ · . . . · Dkφ ; (2.3.21)

in other words, densities appear in local functionals in their capacity as distributions on
M, whether or not ∂M = ∅. Of course, when ∂M = ∅, Equation (2.3.20) shows that this
DM-module structure coincides with the one obtained by viewing densities as distribu-
tions.

We therefore seek the minimal sub-DM-module of DM containing Ωn
M,tw. That is the

purpose of the following definition.

Definition 2.3.10. The sheaf of ∂-smooth densities Ωn,n−1
M,tw is the smallest right sub-DM

module of DM containing the smooth densities.

Let us come to a better understanding of the sheaf Ωn,n−1
M,tw . This sheaf certainly con-

tains the sheaf Ωn
M,tw. By Equation (2.3.20), we see that it also contains the sheaf ι∗

(
Ωn−1

∂M,tw

)
,

and therefore also the DM-module this sheaf generates in DM. This last DM module is
characterized in the following Lemma:
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Lemma 2.3.11. The right DM-module generated by ι∗
(
Ωn−1

∂M,tw

)
inside of DM is isomor-

phic to the right DM-module

F0Ωn,n−1
M,tw := ιDΩn−1

∂M,tw (2.3.22)

(see Equation 2.3.14 for the notation ιD).

Remark 2.3.12: The notation F0Ωn,n−1
M,tw is designed to suggest that this submodule is the

zeroth component of a filtration on Ωn,n−1
M,tw . We will see later that this is indeed the case.

♦

Proof. Let us first construct a map

Υ : F0Ωn,n−1
M,tw → Ωn,n−1

M,tw . (2.3.23)

Let U ⊂ M, with V = U ∩ ∂M. Let ν ∈ Ωn−1
∂M,tw(V), f ∈ C∞

∂M(V), g ∈ C∞
c,M(U), and let D

be the germ of a differential operator on a neighborhood of V in M. Define

Υ(ν ⊗ f ⊗ D)(g) =
∫

∂M
(Dg) |∂M fν. (2.3.24)

The map Υ is manifestly a sheaf map, assuming that it is well-defined. Let us show
that it is well-defined, i.e. that the relations imposed by the tensor products in F0Ωn,n−1

M,tw

go to zero in Ωn,n−1
M,tw . To this end, suppose that h is a germ of a smooth function in a

neighborhood of V in M. Then, it is straightforward to verify that

Υ(ν ⊗ f (h |∂M)⊗ D− ν ⊗ f ⊗ hD)(g) = 0. (2.3.25)

It is likewise easy to verify that Υ is linear over C∞
∂M ⊂ D∂M and respects the right DM-

module structures. Finally, let X ∈ Vect(∂M) and choose some extension X̂ ∈ Vect(M) as
in the discussion preceding Equation (2.3.12). Then,

Υ(ν · X⊗ f ⊗ D− ν ⊗ X · f ⊗ D− ν ⊗ f ⊗ X̂D)(g) (2.3.26)

= −
∫

∂M
(Dg) |∂M f LXν −

∫
∂M

(Dg) |∂M LX fν −
∫

∂M
(X̂Dg) |∂M fν. (2.3.27)

One checks that (X̂Dg) |∂M= X · (Dg |∂M), so that we have

Υ(ν · X⊗ f ⊗ D− ν ⊗ X · f ⊗ D− ν ⊗ f ⊗ X̂D)(g) (2.3.28)

= −
∫

∂M
LX ((Dg) |∂M fν) = 0. (2.3.29)

We have therefore established that Υ is a well-defined sheaf map.
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It remains to show that Υ is a monomorphism, and that the image of F0Ωn,n−1
M,tw under

Υ is the smallest submodule of DM containing the densities on ∂M. Choosing a tubu-
lar neighborhood (and a normal coordinate t), one obtains an isomorphism D∂M→M

∼=
D∂M[∂t] (of sheaves). Here, by D∂M[∂t], we mean the sheaf D∂M[∂t]⊗R[∂t], where R[∂t]
is the locally constant sheaf on ∂M assigning the space of polynomials in the variable ∂t.
One therefore finds that

F0Ωn,n−1
M,tw

∼= ι∗
(
Ωn−1

∂M,tw[∂t]
)

. (2.3.30)

This is an isomorphism of C∞
M-modules (in any case, we have not even described a DM-

module structure on the right-hand side of the equation). The composite of this isomor-
phism with Υ takes ν∂n

t to the distribution (on M)

g 7→
∫

∂M
(∂n

t g) |t=0 ν. (2.3.31)

From this characterization of Υ, it is clear that Υ is a monomorphism.
Finally, we verify that F0Ωn,n−1

M,tw is the smallest sub-(DM)-module of DM containing
the densities on ∂M. Here, again, the isomorphism of Equation 2.3.30 is useful. Any sub
DM-module of DM which contains distributions of the form

g 7→
∫

∂M
g |t=0 ν (2.3.32)

must also contain distributions of the form

g 7→
∫

∂M
(∂n

t g) |t=0 ν, (2.3.33)

by DM-closedness. But, Equation 2.3.30 tells us that F0Ωn,n−1
M,tw is precisely the space of all

such distributions.
We have therefore seen that any sub-DM-module of DM which contains Ωn−1

tw,∂M also

contains F0Ωn,n−1
M,tw ; since F0Ωn,n−1

M,tw is a sub-DM-module of DM (via Υ), this completes the
proof.

As in Notation 2.3.3, let Oloc(E ) denote the space of functions on Ec which are of the
same form as those which define Oloc(EL ) (the only difference being we do not identify
two such if they agree on EL ,c).

Lemma 2.3.13. There is a natural map

z : Ωn,n−1
M,tw ⊗DM O(J (E ))→ Oloc(E ) (2.3.34)

of C∞
M-modules.
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Proof. The map is constructed just as in the case ∂M = ∅. More precisely, one can iden-
tify O(J (E )) with the space of polydifferential operators on E with values in smooth
functions on M. In other words, O(J (E )) consists of spaces of operators which take in
some number of sections of E and produce a function on M. We write such an object as
D1 · D2 · · · · · Dk. We define

z(ω⊗ D1 · · · · · Dk) = ω (D1φ · · ·Dkφ) . (2.3.35)

Here, we are viewingω as a distribution on M. (The space Ωn,n−1
M,tw consists of distributions

of a particular form.) The map z respects the DM-module tensor product for the same
reason that it did in the case ∂M = ∅. There, it was important to use the right DM-
module structure on Ωn

tw,M which is induced from the embedding Ωn
tw,M ↪→ DM. By

defining the Ωn,n−1
M,tw as we have—namely as a subspace of the distributions on M—we

have guaranteed that the same argument applies here. It remains only to check that when
ω ∈ Ωn,n−1

M,tw ,
ω (D1φ · · ·Dkφ) (2.3.36)

is a local action functional. To this end, our description of Ωn,n−1
M,tw in the preceding lemma

will be useful. The distribution ω contains summands of two forms. Summands of the
first type are associated to a smooth density µ on M and manifestly produce local action
functionals. Summands of the second type are associated to a smooth density ν on ∂M
and a natural number n and are of the form in Equation 2.3.31. Such summands produce
functionals of the form

Iν,n(φ) =
∫

∂M
ν∂

n
t |t=0 (D1φ · · ·Dkφ) . (2.3.37)

Note that such a description requires a choice of tubular neighborhood T ∼= ∂M× [0,ε)
of ∂M in M. We continue to use this choice as follows. Let f0 be a compactly-supported
function on [0,ε) which is 1 at t = 0. Together with ν, such a function determines a den-
sity on M which we will call ( f0dt) ∧ ν. It is straightforward to check that the functional

Jν,n :=
∫

M

∂

∂t

(
f0dt ∧ ν

(
∂

∂t

)n

(D1φ · · ·Dkφ)

)
=
∫

M

df0

dt
∧ ν

(
∂

∂t

)n

(D1φ · · ·Dkφ)

+
∫

M
f0dt ∧ ν

(
∂

∂t

)n+1

(D1φ · · ·Dkφ)

(2.3.38)

coincides with Iν,n. Since Jν,n is manifestly local in our definition, the lemma follows.

Lemma 2.3.14. The natural map

z : Ωn,n−1
M,tw ⊗DM O(J (E ))→ Oloc(E ) (2.3.39)

is an isomorphism of sheaves on M.
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Proof. Both the domain and codomain of z are filtered as follows. F0Oloc(E ) is the space
of all action functionals which may be written as integrals over ∂M, and F1Oloc(E ) :=
Oloc(E ). Similarly, we set

F0
(
Ωn,n−1

M,tw ⊗DM O(J (E ))
)
= (F0Ωn,n−1

M,tw )⊗DM O(J (E )), (2.3.40)

and
F1
(
Ωn,n−1

M,tw ⊗DM O(J (E ))
)
= Ωn,n−1

M,tw ⊗DM O(J (E )). (2.3.41)

The map z manifestly preserves these filtrations. The associated graded object for Oloc(E )
is the direct sum

LMB⊕ F0Oloc(E ), (2.3.42)

where LMB is the space of local functionals modulo those which arise as integrals over
the boundary. On the other hand, the associated graded object for the domain of z is

(Ωn
M,tw ⊕ F0Ωn,n−1

M,tw )⊗DM O(J (E )),

where Ωn
M,tw has the right DM-module structure given by Lie derivative along vector

fields. The map z is an isomorphism on the F1/F0 components by the same argument as
for the case ∂M = ∅. To complete the proof, therefore, we need to argue that the z is an
isomorphism on the F0 pieces. To this end, we use Lemma 2.3.9 to find:

F0Ωn,n−1
∂M,tw ⊗DM O(J (E )) = ιDΩ

n−1
∂M,tw ⊗DM O(J (E )) ∼= ι∗

(
Ωn−1

∂M,tw ⊗D∂M ι
DO(J (E ))

)
.

(2.3.43)
And now, we proceed as in the case ∂M = ∅; the D∂M-module tensor product now tells us
that total derivatives on ∂M are zero. The only difference here is that we use ιDO(J (E ))
instead of O(J (F )) for some vector bundle F → ∂M. However, this precisely matches
the fact that F0Oloc(E ) contains functionals which depend on the normal derivatives of
fields at the boundary.

In fact, we also have a corresponding statement for the derived DM module tensor
product:

Lemma 2.3.15. Let Ored(J (E )) := Ored(J (E ))/C∞
M ; then Ored is a flat left DM-module

and hence
Ωn,n−1

M,tw ⊗DM Ored(J (E )) ' Ωn,n−1
M,tw ⊗

L
DM

Ored(J (E )) (2.3.44)

and there is a quasi-isomorphism

Ωn,n−1
M,tw ⊗

L
DM

O(J (E )) ' Oloc,red(E ) (2.3.45)

of sheaves (of C∞
M modules).

Proof. The proof is exactly the same as the argument used in the proof of Lemma 6.6.2 of
[Cos11].
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Since Lemma 2.3.15 holds, we can replace Ωn,n−1
M,tw with a quasi-isomorphic DM mod-

ule, and we would have a quasi-isomorphic model of Oloc,red(E ). Hence, we seek a res-
olution of Ωn,n−1

M,tw as a right DM-module. This is what we proceed to do now. As before,
the flat connection on DM provides a differential on the graded sheaf

DR•M(DM) := Ω•M,tw ⊗C∞
M

DM; (2.3.46)

a similar argument endows the graded sheaf (on M)

DR•
∂M(DM) := ι∗ (D∂M→M) (2.3.47)

with a differential, and a natural right DM-module structure via the map DM → ι∗ι−1DM.
There is a map

ι∗ : DR•M(DM)→ DR•
∂M(DM) (2.3.48)

defined using the pullback of forms and the unit map DM → ι∗ι−1DM.

Definition 2.3.16. The universal de Rham resolution of Ωn,n−1
M,tw is the shifted mapping

cone
DR•M,∂M(DM) := cone(ι∗)[n− 1] (2.3.49)

of the map ι∗.

The following lemma justifies our introduction of DR•M,∂M(DM).

Lemma 2.3.17. There is a natural quasi-isomorphism

Φ : DR•M,∂M(DM)→ Ωn,n−1
M,tw (2.3.50)

of right DM-modules.

Proof. Givenα ∈ Ωn
tw,M, β ∈ Ωn−1

tw,∂M, D1, D2 ∈ DM, we let

Φ(α ⊗ D1,β⊗ D2) = α · D1 +β · D2; (2.3.51)

on the right-hand side, we understand α and β as elements of Ωn,n−1
M,tw and · denotes the

right DM-module action in this space. This is manifestly a map of right DM-modules, and
Φ respects the tensor product relations defining DR•M(DM) and DR•

∂M(DM). Let us check
that Φ respects the differentials. Namely, we are required to check that if µ ∈ Ωn−1

M,tw,ν ∈
Ωn−2

M,tw, then

Φ(dµ ⊗ D1 +µ ⊗∇D1,−ι∗µ ⊗ D1 + dν ⊗ D2 + ν ⊗∇D2) = 0. (2.3.52)

Because the differential and Φ are right DM-linear (the connection∇ on DM is defined in
terms of left multiplication in DM), it suffices to check this for D1 = D2 = 1. Then, one
verifies that the required equality is equivalent to the integration by parts formulas for M
and ∂M.



CHAPTER 2. CLASSICAL BULK-BOUNDARY SYSTEMS 50

It remains to check that Φ is a quasi-isomorphism. Note that, as before, we obtain a
natural filtration on DR•M,∂M(DM) and Φ preserves this filtration. On the level of associ-
ated graded sheaves, Gr(Φ) is the sum of the map

DR•M(DM)[n] ε−→ Ωn
M,tw (2.3.53)

(where Ωn
M,tw is endowed with the DM-module structure by Lie derivatives of vector

fields) and the map
DR•

∂M(DM)
ε∂−→ F0Ωn,n−1

M,tw . (2.3.54)

The map ε is precisely the quasi-isomorphism constructed in the paragraph preceding
Lemma 2.3.8. For the story on ∂M, let us recall that

F0Ωn,n−1
M,tw := ι∗

(
Ωn−1

∂M,tw ⊗D∂M

(
C∞

∂M ⊗ι−1(C∞
M) ι
−1(DM)

))
(2.3.55)

and
DR•

∂M(DM) := ι∗
(
Ω•

∂M,tw ⊗ι−1(C∞
M) ι
−1(DM)

)
. (2.3.56)

Since the pushforward functor ι∗ is exact, it suffices to check that the map

Φ∂ := Ω•
∂M,tw ⊗ι−1(C∞

M) ι
−1(DM)→ Ωn−1

∂M,tw ⊗D∂M

(
C∞

∂M ⊗ι−1(C∞
M) ι
−1(DM)

)
(2.3.57)

induced from Φ is a quasi-isomorphism. Upon choosing a tubular neighborhood of the
boundary, one may filter both the domain and codomain of Φ∂ by the order of the differ-
ential operator in the normal direction (it is not difficult to show that this filtration does
not depend on this choice). Moreover, one has isomorphisms

Gr
(
Ω•

∂M,tw ⊗ι−1(C∞
M) ι
−1(DM)

)
∼= Ω•

∂M,tw ⊗C∞
∂M

D∂M[∂t], (2.3.58)

Gr
(
Ωn−1

∂M,tw ⊗D∂M

(
C∞

∂M ⊗ι−1(C∞
M) ι
−1(DM)

))
∼= Ωn−1

∂Mtw
[∂t], (2.3.59)

with the naı̈ve right ι−1(DM)-module structures (i.e. one decomposes a vector field X
as X = X∂ + Xν∂t near the boundary, and lets the normal part of the vector field act on
the R[∂] factors, while the tangential part acts in the canonical way on D∂M and Ωn−1

∂M,tw,
respectively). Using this characterization, it is clear that Gr(Φ∂) is simply the base change
over R[∂t] of the codimension-one version of ε. Hence, Gr(Φ∂), and therefore Gr(Φ), and
therefore Φ, is a quasi-isomorphism.

The following Lemma is an immediate consequence of Lemma 2.3.17.

Lemma 2.3.18. There is a cannonical quasi-isomorphism

DR•M,∂M(DM)⊗DM Ored(J (E ))→ Oloc,red(E ) (2.3.60)

of sheaves on M.
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We describe one property of DR•M,∂M(DM) which will be useful in the sequel.

Lemma 2.3.19. The right DM-module DR•M,∂M(DM) is a complex of flat DM-modules.

Proof. As a right DM-module, DR•M(DM) is locally a free DM-module, hence is flat.
As a right DM-module, DR•

∂M(DM) looks locally like a sum of modules of the form
ι∗ι−1(DM). The endofunctor (acting on the category of left DM-modules)

ι∗ι
−1(DM)⊗DM · (2.3.61)

is naturally isomorphic to the endofunctor ι∗ι−1. This functor is exact, since ι∗ and ι−1 are.
(Here, we use the fact that ∂M is a closed submanifold of M.)

The lemma follows.

Imposing the Boundary Condition for Functionals

Lemma 2.3.18 helps us to understand the structure of Oloc(E ); however, we are more
interested in Oloc(EL ), i.e. we are not interested in distinguishing two functionals if they
agree when restricted to EL ,c. To this end, note that there is a surjective map Oloc(E ) →
Oloc(EL ). Our aim now is to characterize the kernel of this map. Proposition A.2.1 and
its Corollary A tell us which functionals on E vanish when restricted to EL , namely those
which depend in one of their inputs only on the boundary information of the field’s value
in E∂/L. Let us use this information to get a better grasp on Oloc(EL ).

Note the following: if a local functional depends only on the boundary information
of one input, then it lies in the space F0Oloc(EL ), i.e. is described by an integral over
∂M. This is because local functionals of order k in the fields have their support on the
small diagonal of Mk. Within DR•M,∂M(DM)⊗ Ored,loc(J (E )) (which, by Lemma 2.3.18,
resolves Oloc,red(E )), the space of functionals which are supported on ∂M is

ι∗(Ω
•
∂M,tw)⊗C∞

M
Ored(J (E )). (2.3.62)

We have

ι∗(Ω
•
∂M,tw)⊗C∞

M
Ored(J (E )) ∼= ι∗

(
Ω•

∂M,tw ⊗C∞
∂M

Ored(ι
D(J (E )))

)
, (2.3.63)

where Ored(ι
D(J (E ))) is defined similarly to Ored(J (E )), but by taking continuous du-

als and symmetric powers of ιDJ (E ) over C∞
∂M.

Let L′ := E∂/L. There is a canonical map of shifted L∞-algebras in the category of
D∂M-modules

Υ : ιD(J (E ))→J (L ′) (2.3.64)

constructed as the composite of the following two maps. First, we construct a map

Υ1 : ιD(J (E )) = C∞
∂M ⊗ι−1(C∞

M) ι
−1(J (E ))→J (E∂) (2.3.65)
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given by
Υ1( f ⊗σ) = fρ(σ); (2.3.66)

it is straightforward to check that Υ1 is well-defined (using the fact that ρ arises from
restriction to the boundary followed by a bundle operation) and moreover respects the
tensor product defining ιD(J (E )). Next, we consider the map

Υ2 : J (E∂)→J (L ′) (2.3.67)

induced from the bundle map E∂ → L′, and we set Υ = Υ2 ◦ Υ1. It follows that there is
an inclusion

Υ∨ : J (L ′)∨ → (ιDJ (E ))∨ (2.3.68)

of left D∂M modules. Because Υ is a map of shifted L∞-algebras, it follows that

J (L ′)∨ ⊗C∞
∂M

O(ιD(J (E ))) ⊂ Ored(ι
D(J (E ))) (2.3.69)

is closed under the Chevalley-Eilenberg differential on Ored(ι
D(J (E ))). The inclusion

also respects the D∂M module structure, and it is straightforward to show that this sub
D∂M-module is flat. Hence, we can make the following definition:

Definition 2.3.20. The complex of de Rham functionals vanishing on L is the complex

V (L) := ι∗
(

DR•
∂M(DM)⊗D∂M

(
J (L ′)∨ ⊗C∞

∂M
Ored(ι

D(J (E )))
))

. (2.3.70)

The discussion preceding this definition guarantees that V (L) is a subcomplex of DR•M,∂M(DM)⊗DM
Ored(J (E )).

Notation 2.3.21. We define the following complex of sheaves

DRM,∂M(E; L) :=
(

DR•M,∂M(DM)⊗DM Ored(J (E ))
)
/V (L) (2.3.71)

Lemma 2.3.22. There is a quasi-isomorphism of complexes of sheaves

DRM,∂M(E; L)→ Oloc,red(EL ). (2.3.72)

Proof. Since DR•
∂M(DM) → Ωn−1

∂M,tw is a quasi-isomorphism of right D∂M-modules and
J (L ′)∨ ⊗C∞

∂M
O(ιD(J (E ))) is a flat left D∂M-module, we have a quasi-isomorphism

V (L)→ ι∗
(
Ωn−1

∂M,tw ⊗D∂M J (L ′)∨ ⊗C∞
∂M

O(ιD(J (E )))
)

. (2.3.73)

Using Corollary A of the appendix, we identify this latter space of functionals as precisely
the space of local functionals on Ec which vanish when restricted to EL ,c. Hence, we have
a map of short exact sequences:

0 // V (L) //

��

A1 //

��

DRM,∂M(E; L) //

��

0

0 // A2 // Oloc,red(E ) // Oloc,red(EL ) // 0

, (2.3.74)
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where
A1 = DR•M,∂M(DM)⊗DM Ored(J (E )) (2.3.75)

and
A2 = ι∗

(
Ωn−1

∂M,tw ⊗D∂M J (L ′)∨ ⊗C∞
∂M

O(ιD(J (E )))
)

. (2.3.76)

Since the first two vertical maps are quasi-isomorphisms, it follows by the snake lemma
and the five lemma that the last vertical arrow is a quasi-isomorphism as well.

BF Theory, an Extended Example

The preceding discussion is a bit dense and difficult to follow. To help the reader to
get a sense of these construction, we now make an extended study of BF theory on the
upper half-space Hn. We will study BF theory with the A and B boundary conditions (the
terminology follows Example 2.2.23).

As in the preceding discussion, we will start by understanding Oloc,red(E ). Recall
(Lemma 2.3.18), that there is a quasi-isomorphism

DR•M,∂M(DM)⊗DM Ored(J (E ))→ Oloc,red(E ). (2.3.77)

One can use an argument from the Proposition 7.6 of [Rab17] (although this argu-
ment is itself derivative from other sources) to construct a quasi-isomorphism of left DM-
modules

Ored(J (E ))
∼→ C∞

M ⊗ C•red(g, Sym(g[n− 2])). (2.3.78)

Hence, using Lemma 2.3.19, one has a quasi-isomorphism

DR•M,∂M(DM)⊗DM C∞
M ⊗ (C•red(g, Sym(g[n− 2])))→ Oloc,red(E ). (2.3.79)

It is straightforward to show that

DR•M,∂M(DM)⊗DM C∞
M
∼= Ω•M[n] ι

∗
→ Ω•

∂M[n− 1] =: DR(M, ∂M), (2.3.80)

hence, we have constructed a quasi-isomorphism

DR(M, ∂M)⊗ C•red(g, Sym(g[n− 2]))→ Oloc,red(E ). (2.3.81)

Now, let us understand V (L) better. Let us take first the A boundary condition. Here,
L′ = Λ•T∗∂M⊗ g∨[n− 2]. As before, we can show

J (L ′) ' C∞
∂M ⊗ g∨[n− 2] (2.3.82)

and
ιD(J (E )) ' C∞

∂M ⊗ (g[1]⊕ g∨[n− 2]). (2.3.83)
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Hence, we have a quasi-isomorphism

ι∗ (Ω
•
∂M)⊗ (g[2− n]⊗ C•(g, Sym(g[n− 2]))→ V (L). (2.3.84)

Let
O(g; A) (2.3.85)

denote the total complex

Ω•M[n]⊗ C•red(g, Sym(g[n− 2]))→ ι∗(Ω
•
∂M)[n− 1]⊗ C•red(g), (2.3.86)

where the horizontal map is the tensor product of the maps

ι∗ : Ω•M → ι∗(Ω
•
∂M) (2.3.87)

and the natural projection

C•red(g, Sym(g[n− 2]))→ C•red(g). (2.3.88)

We have thus constructed a quasi-isomorphism

O(g; A)→ Oloc,red(EL ) (2.3.89)

for BF theory with the A boundary condition. Similarly, define

O(g; B) := Ω•M[n]⊗ C•red(g, Sym(g[n− 2]))→ ι∗(Ω
•
∂M)[n− 1]⊗ Sym≥1(g[n− 2]);

(2.3.90)
we can construct a quasi-isomorphism

O(g; B)→ Oloc,red(EL ) (2.3.91)

for BF theory with the B boundary condition.
Let us now specialize to the case M = H2, ∂M = R and take global sections. In this

case, we have equivalences

O(g; B)(H2) '
(

C•red(g, Sym(g))[2]→ Sym≥1(g)[1]
)

(2.3.92)

'
(

H≥1(g, Sym(g))
)
[2]⊕

(
Sym≥1(g)/Sym≥1(g)g

)
[1]. (2.3.93)

When ∂M = ∅, the zeroth and first cohomology of the complex of local functionals repre-
sent the space of deformations and obstructions, respectively, for quantizations of classi-
cal BF theory. Adopting the same terminology here, we find that the space of obstructions
for quantizations of 2D BF theory with B boundary condition is H3(g, Sym(g)), and the
space of deformations for 2D BF theory is H2(g, Sym(g)). The cohomology acquires a
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grading from the symmetric degree in Sym(g); we will call this the B-weight. If we re-
strict to those functionals which have a B-weight of +1, and further assume that g is
semi-simple, we find that

H•
(
O(g; B)(H2)

)
1
∼= g[1], (2.3.94)

the subscript 1 reminding us that we are computing the cohomology in B-weight 1. To
perform this computation, we use Whitehead’s theorem and the fact that semi-simple
Lie algebras have trivial centers. Given x ∈ g, one may exhibit the isomorphism just
described via the B-field functional

Jx(β) =

(∫
R
ι∗β

)
(x). (2.3.95)

It is straightforward to check that this functional is closed in Oloc,red(EL ).

2.4 The Factorization Algebras of Observables
In this section, given a bulk-boundary system (E , L ), we construct a factorization algebra
Obscl

E ,L of classical observables for the bulk-boundary system on M. Obscl
E ,L will be

constructed as “functions” on EL . Obscl
E ,L has the advantage of being easy to define;

however, it does not manifestly carry the P0 (shifted Poisson) structure that one expects
to find on the space of functions on a (–1)-shifted symplectic space. Hence, we construct

also a P0 factorization algebra Õbscl
E ,L and a quasi-isomorphism Õbscl

E ,L → Obscl
E ,L . We

closely follow [CG].

Definition 2.4.1. Let (E , L ) be a bulk-boundary system. Define

Obscl
E ,L (U) := (O(EL ), dCE) = ∏

k≥0
CVS

(
E
⊗̂βk
L ,R

)
Sk

(2.4.1)

where the symmetric algebra is taken with respect to the completed projective tensor
product of nuclear topological vector spaces. Here, dCE denotes the Chevalley-Eilenberg
differential constructed from the structure of L∞ algebra on EL (U)[−1]. Given disjoint
open subsets U1, . . . , Uk ⊂ M all contained in an open subset V ⊂ M, define the

mV
U1 ,···,Uk

: Obscl
E ,L (U1)⊗̂β · · · ⊗̂β Obscl

E ,L (Uk)→ Obscl
E ,L (V) (2.4.2)

to be the composite

Obscl
E ,L (U1)⊗̂β · · · ⊗̂β Obscl

E ,L (Uk)→ Ŝym(⊕iE
∨
L (Ui)) ∼= Obscl

E ,L (U1 t · · · tUk)

→ Obscl
E ,L (V), (2.4.3)

where the first map is a version of the natural isomorphism Sym(A⊕ B) ∼= Sym(A)⊗
Sym(B), and the last map is induced from the extension of compactly-supported distri-
butions E ∨L (tiUi)→ E ∨L (V).
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Remark 2.4.2: The construction here is almost identical to that of [CG]. We simply impose
boundary conditions on the fields of interest. ♦

Theorem 2.4.3. The differentiable vector spaces Obscl
E ,L (U), together with the structure

maps mV
U1 ,...,Uk

, form a factorization algebra.

Proof. The proof is very similar to the analogous proof in [CG]. The proof that the classical
observables form a prefactorization algebra is identical to that in [CG]. For the Weiss
cosheaf condition, it suffices, as in [CG], to check the condition for free theories. A similar
situation arises in 3, though there one uses Sym(EL ,c[1]) for the classical observables. By
the same arguments as in the corresponding proof in [CG], we need only to show that,
given any Weiss cover U = {Ui}i∈I of an open subset U ⊂ M, the map

∞⊕
n=0

⊕
i1 ,···,in

CVS
(
EL (Ui1 ∩ · · · ∩Uin)

⊗̂βm,R
)

Sk
[n− 1]→ CVS

(
EL (U)⊗̂βm,R

)
Sk

(2.4.4)

is a quasi-isomorphism, where the left-hand side is endowed with the Čech differential
and the internal differential induced by `1 only.

We show in Section A.2 that there is a non-canonical splitting

E (U) ∼= EL (U)⊕L ′(U ∩ ∂M). (2.4.5)

We may therefore understand the mapping spaces appearing in Equation (2.4.4) as quo-
tients of corresponding spaces without boundary conditions imposed (in both categories
of interest, CVS and DVS; this was why it was important to actually produce this split-
ting). More precisely, the kernel of the quotient map

CVS
(
E (U)⊗̂βm,R

)
Sk
→ CVS

(
EL (U)⊗̂βm,R

)
Sk

(2.4.6)

is, naturally, the space of functionals which vanish when all inputs satisfy the boundary
condition. The quoted results from the appendix show that one may actually understand
the codomain of the above equation as a quotient in CVS and DVS. In Lemma A.5.8 of
[CG17], Costello and Gwilliam describe an explicit contracting homotopy for the total
complex in Equation (2.4.4) where no boundary conditions are imposed. This contracting
homotopy involves only addition and (the transpose of) multiplication by compactly-
supported smooth functions on Um constituting a partition of unity for the cover {Um

i }i∈I
of Um. It is obvious that such a contracting homotopy will preserve the kernel of the
quotient map Equation (2.4.6); hence it will also furnish a contracting homotopy for the
codomain in Equation (2.4.6).

In [CG], Theorem 6.4.0.1, it is also shown that Obscl possesses a sub-factorization al-

gebra Õbscl which has a P0 structure. We have the same situation here. Let us first make
a definition:



CHAPTER 2. CLASSICAL BULK-BOUNDARY SYSTEMS 57

Definition 2.4.4. Let
I ∈ CVS

(
EL (U)⊗̂βk,R

)
Sk

with k ≥ 1. I induces a map

CVS
(
EL (U)⊗̂β(k−1),R

)
Sk−1
→ CVS (EL (U),R) (2.4.7)

by the hom-tensor adjunction in CVS. We say that I has smooth first derivative if this
map has image in EL ,c[1](U). We consider this condition to be vacuously satisfied when
k = 0. Given J ∈ O(EL (U)), we say that J has smooth first derivative if each of its Taylor
components does.

Theorem 2.4.5. Let Õbscl
E ,L (U) denote the subspace of Obscl

E ,L (U) consisting of function-
als with smooth first derivative.

1. Õbscl
E ,L is a sub-factorization algebra of Obscl

E ,L .

2. Õbscl
E ,L posseses a Poisson bracket of degree +1.

3. The inclusion Õbscl
E ,L → Obscl

E ,L is a quasi-isomorphism.

Proof. Again, the proof follows [CG]. The proof that Õbscl
E ,L is a sub-prefactorization al-

gebra of Obscl
E ,L is identical to the one in [CG]. One point requires comment, however:

Õbscl is closed under the Chevalley-Eilenberg differential on Obscl
E ,L because (EL ,c[−1], `l , 〈·, ·〉)

is a precosheaf of cyclic L∞ algebras. Indeed, any functional with smooth first derivative
is a sum of functionals of the form

I(e1, . . . , ek) = 〈D(e1, · · · , ek−1), ek〉 , (2.4.8)

where D : E
⊗̂β(k−1)
L → EL ,c[1] is a continuous map. One can check directly that applying

the Chevalley-Eilenberg differential to such a functional gives another such functional.
It is important that (EL ,c[−1], `1, 〈·, ·〉) is a precosheaf of cyclic L∞ algebras because this
allows one to “integrate by parts,” i.e. use the equality

〈D(e1, . . . , ek−1), `1ek〉 = ± 〈`1D(e1, . . . , ek−1), ek〉 (2.4.9)

and its analogues for the higher brackets `2, `3, . . ..
The construction of the shifted Poisson bracket is also identical to the construction in

[CG]. The Weiss cosheaf condition will be satisfied once we prove that Õbscl
E ,L → Obscl

E ,L
is a quasi-isomorphism. Hence, statement (3) of the theorem is the only one that remains
to be proved.
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The essential ingredient in the proof of statement (3) is the fact that the inclusion

EL ,c(U)[1]→ E ∨L (U) (2.4.10)

is a quasi-isomorphism with a homotopy inverse for certain open subsets U, cf. Proposi-
tion A.3.1.

Just as in [CG], we may assume that the theory is free. We let

Σk : CVS
(
EL (U)⊗̂βk,R

)
→ CVS

(
EL (U)⊗̂βk,R

)
Sk

(2.4.11)

denote the symmetrization map. We let Γn denote (Σk)−1Õbscl
E ,L (U). For each j =

1, . . . , k Let Υ j denote the following map:

Υ j : CVS
(
EL (U)⊗̂β(k−1), EL ,c(U)[1]

)
→ CVS

(
EL (U)⊗̂βk,R

)
(2.4.12)

Υ j(J) =
〈

J(e1, . . . , e j, e j+1, . . . , ek), e j
〉

. (2.4.13)

We will abuse notation and use Υ j to denote also the image of the map described in the
above equation. Just as in [CG], we can identify

Γk =
k⋂

j=1

Υ j. (2.4.14)

It suffices to show that the inclusion

Γk ↪→ CVS
(
EL (U)⊗̂βk,R

)
(2.4.15)

is an equivalence, since symmetrization is an exact functor. More generally, let {Ui}k
i=1 be

open subsets of M, and define Γk,{Ui} by a similar intersection.
We will show that the natural inclusion

Γk,{Ui} ↪→ CVS

(
k⊗

i=1

EL (Ui),R
)

(2.4.16)

is a quasi-isomorphism possessing a homotopy inverse when each Ui is either contained
entirely in M\∂M or is of the form U′i × [0, δi) for U′i open in ∂M (and using our fixed
tubular neighborhood of ∂M). We will call such Ui “somewhat nice.” Let us explain why
this proves that the inclusion in Equation (2.4.15) is a quasi-isomorphism. It follows from
the results of Section A.2 that

CVS

 i=k⊗
i=1,i 6= j

EL (Ui), EL ,c(U j)

 (2.4.17)
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is a quotient of

CVS

 i=k⊗
i=1,i 6= j

E (Ui), EL ,c(U j)

 (2.4.18)

Now, let V = Un. We may cover V by products of somewhat nice sets in M. Let V =
{Ui}i∈I be such an open cover. By taking the dual statement to that of Lemma A.5.7 of
[CG17], we find a contracting homotopy for the mapping cone of the map

Č(V, (E ∨)⊗̂βk)→ (E ∨(V))⊗̂βk. (2.4.19)

This contracting homotopy involves only multiplication by smooth, compactly-supported
functions on Mn = M× · · · ×M. We have seen that this cochain homotopy descends to
one for the map

Č
(
V, CVS

(
E
⊗̂βk
L (·),R

))
→ CVS

(
EL (V)⊗̂βk,R

)
. (2.4.20)

Using the explicit characterization of the spaces in the intersection defining Γk,{Ui}, the
cochain homotopy also descends to one for Γk,{Ui}.

Hence, we have a commuting diagram

Č(V, Γk,·) Γk

Č
(
V, CVS

(
E
⊗̂βk
L (·),R

))
CVS

(
E
⊗̂βk
L (V),R

)
∼

∼

(2.4.21)

where the top and bottom maps are quasi-isomorphisms. Here, we abuse notation slightly
and let Γn,V′ denote Γn,{Ui} when V′ = U1 × · · ·Un. We are interested in showing that
the right-hand arrow in the diagram is a quasi-isomorphism. The finite intersection of
any number of products of somewhat nice subsets is again a product of somewhat nice
sets. Therefore, if the map of Equation (2.4.16) is a quasi-isomorphism for U somewhat
nice, the left-hand map in the above commuting diagram will be a quasi-isomorphism. It
follows that the map of (2.4.15) will be a quasi-isomorphism, since that map is also the
right-hand map in the commuting diagram.

Let us now proceed to show that the map of Equation (2.4.15) is a quasi-isomorphism.
To prove this, it suffices—just as in the corresponding proof in [CG]—to show that the
map

EL ,c(U j)[1]→ CVS
(
EL (U j),R

)
(2.4.22)

is a quasi-isomorphism when U ∩ ∂M = ∅ or when U ∼= U′× [0, δ). For U ∩ ∂M = ∅, this
is the Atiyah-Bott lemma (Appendix D of [CG17]). For U ∼= U′ × [0, δ), this is shown in
Proposition A.3.1
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2.5 Examples
In this section, we study two examples, whose quantizations we study in detail in Chap-
ters 3 and 5.

Topological Mechanics

The goal of this section is to study the factorization algebra of topological mechanics.
Recall from Examples 2.2.10 and 2.2.22 that a symplectic vector space V and a Lagrangian
L ⊂ V define a free bulk-boundary system on R≥0 known as topological mechanics. The
procedure of the previous section constructs a factorization algebra Obsq

V,L on R≥0 for
these choices. Our goal is to study this factorization algebra.

Given an associative algebra A and a right A-module M, there is a factorization alge-
bra FA,M on R≥0 which assigns A to any open interval, and M to any interval containing
0 (see §3.3.1 of [CG17]) for details). The structure maps are given by the multiplication in
A and the right-module action of A on M. We will see that the cohomology factorization
algebra of topological mechanics is isomorphic to one of the form FA,M, for appropriate
A and M.

Let O(V) = Sym(V∨) denote the symmetric algebra of polynomial functions on V,
and similarly for O(L). The inclusion L → V induces a restriction of functions map
O(V)→ O(L) which defines a right O(V)-module structure on O(L).

We would like to say that Obscl
V,L is equivalent to FO(V),O(L); however, Obscl

E ,L is de-
fined in terms of a space of power series on EL , while O(V) and O(L) are polynomial
algebras. To remedy this, one may also consider, for each U, the space Obscl

V,L,poly(U)

consisting only of polynomial functions on EL (U). It is easy to verify that Obscl
V,L,poly

forms a sub-factorization algebra of Obscl
V,L.

Lemma 2.5.1. The cohomology of the factorization algebra Obscl
V,L,poly is isomorphic to

the factorization algebra FO(V),O(L).

Proof. Let us choose a Lagrangian complement L′ to L in V. The sheaf of L -conditioned
fields is

EL (U) = Ω•M(U)⊗ L⊕Ω•M,D(U)⊗ L′. (2.5.1)

Here, Ω•M,D(U) is Ω•M(U) is U does not contain t = 0 and otherwise is the space of de
Rham forms on U whose pullback to t = 0 vanishes. Let Spre the presheaf of vector spaces
on M which assigns V to any open set not containing 0 and L to any open set which does
contain 0. Let S denote the sheafification of S. There is a natural map of sheaves S→ EL

and it is straightforward to show that this map is a quasi-isomorphism. Hence, there is
also a quasi-isomorphism

Obscl → O(S). (2.5.2)

One quickly verifies that O(S) = FO(V),O(L). This completes the proof.
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BF Theory in One Dimension

In this section, we study the factorization algebra of observables of one-dimensional BF
theory with B boundary condition (cf. Examples 2.2.11 and 2.2.23).

Namely, we show:

Proposition 2.5.2. Let A denote the algebra

C•(g, Sym(g[1]))

and M the right A-module
Sym(g[1]).

There is a quasi-isomorphism of factorization algebras

Υ Obscl
E ,L →: FA,M (2.5.3)

on R≥0, where Obscl
E ,L is the factorization algebra of observables for BF theory with B

boundary condition.

Proof. Let S denote the sheafification of the following presheaf on R≥0:

Spre(U) =

{
gn g∨[−2] U ∩ {0} = ∅
g∨[−2] U ∩ {0} = {0} (2.5.4)

As we have written it, S is naturally a sheaf of graded Lie algebras on R≥0. The map

S→ EL [−1] (2.5.5)

which includes elements gn g∨[−1] as constant functions is a map of sheaves of dg Lie
algebras; in fact, it is straightforward to show that it is a quasi-isomorphism. The inverse
quasi-isomorphism

EL (U)[−1]→ S(U), (2.5.6)

for U a connected open subset, is obtained by pulling back along the inclusion of a point
t ∈ U into U. This does not define a map of sheaves of dg Lie algebras, however. Let C•(S)
be the factorization algebra on R≥0 which, to an open U ⊂ R≥0, assigns the Chevalley-
Eilenberg cochain complex of S(U) (cf. Definition 3.6.1 of [CG17], though the construction
here is slightly different). The map of Equation 2.5.5 induces a quasi-isomorphism

Obscl
E ,L → C•(S); (2.5.7)

it is straightforward to verify that C•(S) ∼= FA,M. This completes the proof.
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Chapter 3

Free Quantum Bulk-Boundary Systems

3.1 Overview of the Chapter
In the previous chapter, we have constructed a factorization algebra for a general classical
bulk-boundary system. In this chapter, we carry out the quantization procedure for free
bulk-boundary systems, i.e. those for which `k is non-zero only for k = 1. As in the case
∂M = ∅, such theories admit a factorization algebra of quantum observables which is
much easier to describe than the corresponding interacting factorization algebras.

A bulk-boundary system on a manifold of the form ∂M×R≥0 includes in particular a
choice of a boundary condition L for the bulk theory. As discussed in [BY16], the bound-
ary condition L admits a structure of (–1)-shifted Poisson formal moduli space. (Recall
that the usual Batalin-Vilkovisky formalism describes (–1)-shifted symplectic geometry.)
Conversely, a Poisson BV theory on a manifold ∂M gives rise to an “honest” BV theory
on ∂M × R≥0. For more details on Poisson BV theories, we refer the reader to [BY16]
(wherein Poisson BV theories are referred to as “degenerate field theories”).

As far as the author is aware, there is no general mechanism for the quantization of
Poisson BV theories. However, for free Poisson BV theories, one can describe an ansatz
for such a quantization. This ansatz gives rise to a factorization algebra Obsq

L on ∂M.
On the other hand, a free bulk-boundary system gives a free BV theory on M̊ and so a

factorization algebra Obsq
E on this space.

Finally, we introduce a factorization algebra Obsq
E ,L on ∂M×R≥0 of bulk-boundary

quantum observables.
The main results of this chapter (cf. Theorems 3.4.2 and 3.4.3) relate the three differ-

ent factorization algebras Obsq
L , Obsq

E , and Obsq
E ,L . Note that they are all factorization

algebras defined on different spaces. Theorems 3.4.2 and 3.4.3 will relate the three factor-
ization algebras through the pushforward and restriction operations described in Section
1.5. Recall that these operations allow one to compare factorization algebras on different
spaces.
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Figure 3.1: Projection of M onto the boundary Σ

A model case of the general result

In this portion we describe a specific instance of the general Theorems, in order to orient
the physically-minded reader.

Our focus is on the following geometric situation. Let Σ be an oriented smooth 2-
dimensional manifold, which we equip with a complex structure. Let M denote the closed
half-space R≥0 × Σ, let M̊ denote the open half-space R>0 × Σ, and let π : M→ Σ denote
the projection map. We view R≥0 as providing a kind of “time direction” and use t to
denote its coordinate. See Figure 3.1.

In the interior M̊, which is a manifold without boundary, we put (perturbative) Chern-
Simons theory with gauge group U(1) with level κ. It has a factorization algebra Obsq

CS
of quantum observables. (See §4.5 of [CG17].)

On the boundary Σ = ∂M, there is a factorization algebra Curq
WZW encoding the chiral

U(1) currents, with the Schwinger term determined by κ. Curq
WZW can be described as

the factorization algebra of quantum observables for the chiral WZW boundary condition.
(See §5.4 of [CG17] for its construction and verification that it recovers the standard vertex
algebra and OPE.)

In this paper we will construct a factorization algebra Obsq
CS/WZW for abelian Chern-

Simons theory on M with a particular boundary condition called the chiral WZW bound-
ary condition. (As far as we are aware, this is the first construction of a factorization
algebra of observables of a field theory arising on a manifold with boundary.) It inter-
polates between the Chern-Simons observables and the chiral currents in the following
precise sense.

Theorem 3.1.1. The factorization algebra Obsq
CS/WZW is stratified in the sense that

• on the interior M̊, there is a natural isomorphism

Obsq
CS '

(
Obsq

CS/WZW

) ∣∣∣
M̊

(3.1.1)
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of factorization algebras, and

• on the boundary ∂M = Σ, there is a quasi-isomorphism

Curq
WZW ' π∗

(
Obsq

CS/WZW

)
(3.1.2)

of factorization algebras.

The factorization algebra Obsq
E ,L thus exhibits the desired phenomenon, as it is pre-

cisely the abelian Chern-Simons system in the “bulk” M̊ but becomes the chiral currents
on the boundary ∂M. The full factorization algebra Obsq

CS/WZW contains more informa-

tion still: it encodes an action of the bulk observables Obsq
CS on the boundary observ-

ables Curq
WZW .

A compelling phenomenon happens at the quantum level: the canonical BV quantiza-
tion of abelian Chern-Simons theory in the bulk forces the appearance of the Kac-Moody
cocycle

∫
α ∧ ∂β (i.e., Schwinger term) on the boundary. We emphasize that these con-

structions are wholly rigorous, not requiring any leaps of physical intuition. They also
yield naturally a stratified factorization algebra, and hence the theorem suggests that
other bulk-boundary correspondences in the physics literature may also admit formu-
lations in these terms. We will describe a few such correspondences, notably a general-
ization of abelian CS/WZW to higher dimensions with a 4n + 3-dimensional bulk and a
4n + 2-dimensional boundary equipped with a complex structure.

One drawback of our work is that we only deal with perturbative and Lie algebraic
statements here, not with nonperturbative and group-level versions, where many fasci-
nating issues arise. (As merely a jumping-off point and not a complete list of citations
for this enormous subject, we point to [FMS07; Fel+02; HS05; KS11; BD04; Wit89; Eli+89;
Fre00; Bec+17] as places where such issues are addressed.) We expect that a rigorous
extension of the BV formalism to global derived geometry would fold those nonpertur-
bative issues together with our perturbative efforts.

Consequences and applications

One payoff here is a new view on Chern-Simons states in bundles of conformal blocks for
chiral WZW models. Factorization algebras, like sheaves, are local-to-global objects, and
so the homology of these stratified factorization algebras encode nontrivial global infor-
mation. Here, in particular, they automatically produce maps from the space of bound-
ary observables into the global observables of the theory. As an example, we obtain the
Chern-Simons states of the chiral WZW theory from studying the map from the boundary
observables on a Riemann surface to the observables of a compact 3-manifold bounding
that surface. The higher dimensional analogs of Chern-Simons states are sections of in-
teresting vector bundles over the intermediate Jacobians of any complex 2n + 1-fold that
admits an oriented null-cobordism.
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Outline of the Chapter

Section 3.2 defines the class of bulk-boundary theories that we study in this paper and
introduces many examples of such. The definition is modeled on the definition of a free
BV theory in [Cos11], but we hope it is transparent to anyone already familiar with the
BV formalism in some guise.

Section 3.3 recalls the factorization algebras that appear purely in the bulk or on the
boundary, which were constructed in [CG17], in various guises. We then construct the
natural factorization algebra for the bulk-boundary system, modeled on those construc-
tions. Functional analytic subtleties are addressed in the appendix.

Section 3.4 states and proves the main theorem, both for classical and for quantum
observables. Section 3.5 addresses specific examples of the theorems.

3.2 Free bulk-boundary field theories
Definition 2.2.1 introduced the notion of a classical TNBFT; Definition 2.2.21 introduced
the notion of a suitable class of boundary conditions for classical TNBFTs. We have also
defined bulk-boundary systems, which are a choice of TNBFT together with a boundary
condition. In this chapter, we consider the quantization of free bulk-boundary systems:

Definition 3.2.1. A free bulk-boundary system is a bulk-boundary system whose under-
lying TNBFT has `k = 0 for k > 1.

In the previous chapter, we took great pains to emphasize the homotopy-theoretic
nature of our constructions; for example, we described the process of imposing boundary
conditions via a homotopy pullback. The notion of a free bulk-boundary system is not
particularly meaningful at the homotopical level. Nevertheless, it is a useful condition to
impose from the standpoint of quantization. We will see in this chapter that free bulk-
boundary systems possess very elegantly-described factorization algebras of quantum
observables. The non-free (i.e. interacting) case is left for Chapter 4.

Examples of free bulk-boundary systems

In Chapter 2, we introduced a number of bulk-boundary systems which have free analogs.
We revisit those bulk-boundary systems and a few others here.

Example 3.2.2: Suppose V is a symplectic vector space with symplectic formω. Let M =
[0,ε) and E = Ω•[0,ε) ⊗ V, together with the pairing 〈·, ·〉 induced from the Poincaré du-
ality pairing and ω. Here, E∂ = E∂ = V, and 〈·, ·〉loc,∂ = ω. This theory is topological
mechanics. A Lagrangian subspace L of V gives a boundary condition for topological
mechanics. (Cf. Examples 2.2.10 and 2.2.22.) ♦

Example 3.2.3: Let Σ be any surface with boundary, and let V be a vector space with a
constant Poisson structure, i.e., V is a vector space equipped with a skew-symmetric map
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Π : V∨ → V. Let

(E , `1) = (Ω•Σ ⊗V ⊕Ω•Σ ⊗V∨[1], ddR ⊗ 1 + 1⊗ Π). (3.2.1)

The pairing 〈·, ·〉loc is defined using the wedge product and the natural pairing between
V∨ and V. It is evident that one can write

(E∂, `1,∂) = (Ω•
∂Σ ⊗V ⊕Ω•

∂Σ ⊗V∨[1], ddR ⊗ 1 + 1⊗ Π), (3.2.2)

and 〈·, ·〉loc,∂ is again defined using the wedge product of forms and the canonical pairing
between V∨ and V. This theory is a special case of the Poisson sigma model [CF01]. The
subcomplex Ω•

∂Σ ⊗V ⊂ E∂ gives a boundary condition for this theory. ♦

Example 3.2.4: Suppose A is a complex vector space together with a non-degenerate sym-
metric bilinear pairing κ. Let M be an oriented 3-manifold with boundary. For (E , `1) we
take (Ω•M ⊗A[1], ddR). For the pairing 〈·, ·〉loc we take

〈µ,ν〉loc = κ(µ,ν), (3.2.3)

where we are implicitly taking a wedge product of forms and only keeping the top-form
component of the resulting wedge product. From these characterizations, it is evident
that (E∂, `1,∂) = (Ω•

∂M ⊗A[1], ddR), and

〈µ,ν〉loc,∂ = κ(µ,ν). (3.2.4)

This theory is an abelian Chern-Simons theory. In the bulk 3-manifold, M \ ∂M, the
elliptic complex (E , `1) is simply abelian Chern-Simons theory where we view A as an
abelian Lie algebra. The solutions to the bulk equations of motion are the A-valued closed
one-forms.

If M = Σ×R≥0 (where Σ is a Riemann surface), the space of fields is endowed with
the decomposition

E = Ω0,•
Σ ⊗̂Ω•R≥0

⊗A[1]⊕Ω1,•
Σ ⊗̂Ω•R≥0

⊗A, (3.2.5)

with differential `1 = ∂ + ∂ + ddR; if we replace `1 with (`1)χ := χ∂ + ∂ + ddR, we obtain
Chern-Simons at level χ.

The boundary condition we consider depends on the choice of a complex structure on
the boundary ∂M. Henceforth, when we want to stress the dependence on the complex
structure, we denote the boundary Riemann surface by Σ.

Given a holomorphic vector bundle V on Σ, there is a resolution for its sheaf of holo-
morphic sections V hol given by the Dolbeault complex

(
Ω0,•(Σ, V), ∂

)
. The differential

is the Dolbeault operator ∂ : Ω0(Σ, V)→ Ω0,1(Σ, V) = Γ(T∗0,1⊗V) defining the complex
structure on V. In the case that V = T∗1,0, we denote this Dolbeault complex by Ω1,•(Σ)
with the ∂-operator understood.
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The subcomplex Ω1,•
Σ ⊗ A ⊂ Ω•Σ ⊗ A[1] defines a boundary condition for abelian

Chern-Simons theory (at any level if M = C×R≥0). To see this, consider L as the sec-
tions of a vector bundle L on Σ. It is clear that the rank of L is half that of E∂. Also, 〈·, ·〉loc,∂
is identically zero on L⊗ L since only forms of type (1, •) appear in L . Finally, the cochain
complex Ω1,•

Σ ⊗A is a subcomplex of the full de Rham complex since ∂α = dα for formsα
of type (1, •). We call this boundary condition the chiral WZW boundary condition. No-
tice that although Chern-Simons theory is topological, we may choose a non-topological
boundary condition for the theory. In this situation, the boundary condition has a chiral,
or holomorphic, nature. ♦

Example 3.2.5: Let M be an oriented manifold of dimension 4n + 3, and suppose ∂M has
the structure of a complex (2n + 1)-fold that we denote X. Let the fields be the (shifted)
de Rham forms

E = Ω•M[2n + 1], (3.2.6)

with `1 = ddR. This complex can be understood geometrically as encoding deformations
of the trivial flat U(1) n-gerbe. (Taking n = 0, we note that a flat U(1) 0-gerbe is a flat
U(1)-bundle.) We have E∂ = Ω•

∂M ⊗A[2n + 1], and `1,∂ = ddR. The pairings are defined
exactly as in the previous example, by wedging and integration. This theory is higher-
dimensional abelian Chern-Simons theory. As a boundary condition, we take

L = Ω>n,•[2n + 1], (3.2.7)

which we call the intermediate Jacobian boundary condition, due to it being a compo-
nent of the Hodge filtration. (As in the previous example, we could work with some
(A,κ), a finite-dimensional vector space together with a non-degenerate symmetric bilin-
ear pairing. This would amount to tensoring the above complexes with A. This extension
would correspond to working with higher gerbes for a higher-dimensional abelian Lie
group.) ♦

Example 3.2.6: There is an alternative boundary condition for higher dimensional Chern–
Simons that depends on a Riemannian metric rather than a complex structure. As above,
let M be an oriented manifold of dimension 4n + 3, and suppose the boundary N = ∂M
is equipped with a Riemannian structure. In turn, we decompose the middle de Rham
forms on N into the ±

√
−1-eigenspaces

Ω2n+1(N) = Ω2n+1
+ (N)⊕Ω2n+1

− (N) (3.2.8)

of the Hodge star operator.
Consider the subcomplex of Ω•

∂M ⊗A[2n + 1]:

L =

(
Ω2n+1

+ (N)⊗A
d−→ Ω2n+2(N)⊗A[−1] d−→ · · · d−→ Ω4n+2(N)⊗A[−2k− 1]

)
.

(3.2.9)
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It defines a boundary condition for (4n + 3)-dimensional abelian Chern-Simons theory.
For a complement to L in E∂, we may take

L ⊥ =

(
Ω0(N)⊗A[2n+ 1]. d−→ Ω1(N)⊗A[2n]→ · · · → Ω2n(N)⊗A[1]

d−−→ Ω2n+1
− (N)⊗A

)
(3.2.10)

where d− : Ω2n(N) → Ω2n+1
− (N) denotes the de Rham differential followed by the pro-

jection using the decomposition (3.2.8). ♦

3.3 The factorization algebras at play
In this section we describe the three factorization algebras that appear in a bulk-boundary
system:

• the observables ObsE living purely in the bulk M̊, which depend only on the BV
theory in the bulk,

• the observables ObsL of the boundary condition, which live only on the boundary
∂M, and

• the observables ObsE ,L of the bulk-boundary system, which lives on the whole
manifold M with boundary.

There are classical and quantum versions of both factorization algebras. Now aware of
the these three algebras, the reader can skip to Section 3.4 and understand the statement
of our main theorems.

The bulk observables ObsE arising here were defined in [CG17], and they are a straight-
forward interpretation of the observables in a free BV theory. The observables of the
boundary condition ObsL are defined in a similar way. At the classical level, they are
simply functions on the space L , but the quantization uses a Poisson structure arising
from the map L → E∂ which identifies L as a Lagrangian in E∂. In this sense, the bound-
ary condition behaves like a Poisson field theory, in contrast to the symplectic-type bulk
theory.

The observables ObsE ,L are constructed in an analogous way to the other algebras.
The classical observables realize, in a homotopical sense, the algebra of functions on the
space of solutions to the equations of motion that satisfy the boundary condition. The
quantization is in the spirit of the BV formalism; it amounts to changing the differential
by adding an operator determined by the natural pairing on the fields, with boundary
condition imposed. Our main theorems show that ObsE ,L interpolates between ObsE

and ObsE ,L , and in this way we see that there is a natural quantization of the bulk-
boundary system that realizes a correspondence between the bulk and boundary systems
themselves.
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Bulk observables

Chapter 4 of [CG17] is devoted to constructing and analyzing the observables, both clas-
sical and quantum, of a free BV theory on a smooth manifold. Here we simply recall the
definitions.

Definition 3.3.1. Let E be a free TNBFT. The factorization algebra of classical observ-
ables for E assigns to an open subset U ⊂ M̊ the (differentiable) cochain complex

(Sym(Ec[1](U)), `1) =: Obscl
E (U), (3.3.1)

where the symmetric powers are taken with respect to the completed bornological tensor
product of convenient vector spaces (see, e.g. Definition B.4.9 and Section B.5.2 of [CG17]).

Note that for a smooth vector bundle V → M, these completed tensor products can be
understood concretely as

(Vc(U))⊗̂βk ∼= C∞
c (U×k; V�k). (3.3.2)

In other words, they are the compactly supported sections on the k-fold product Uk with
values in the natural vector bundle V�k → Uk.

Something a bit subtle is happening in this definition. A priori the classical observables
ought to consist of functions on the fields E ; in other words, they ought to be a symmetric
algebra on the linear dual vector space or, better yet, the continuous linear dual. Here,
however, we took a symmetric algebra on Ec[1], which looks different. Two facts combine
to explain our choice. First, the local pairing lets us identify the continuous linear dual
of E with the distributional and compactly supported sections of E[1] → M: every such
section determines a linear functional on E by plugging it into the pairing. Second, the
Atiyah-Bott lemma (see Appendix E of [CG17]) shows that the elliptic complex of distri-
butional, compactly supported sections of E[1]→ M is continuously quasi-isomorphic to
the subcomplex of smooth, compactly supported sections of E[1] → M. Together, these
facts show that our definition captures correctly — up to quasi-isomorphism — the most
natural choice of classical observables. Concretely, we are working with smeared observ-
ables.

With our definition, BV quantization is straightforward, because the pairing deter-
mines a natural BV Laplacian ∆ : Sym(Ec[1](U) → Sym(Ec[1](U) as follows. We set
∆ = 0 on the constant and linear terms (i.e., the subspace Sym≤1(Ec[1](U)), and we re-
quire

∆(ab) = ∆(a)b + (−1)|a|a∆(b) + {a, b} (3.3.3)

for arbitrary a and b. Here, {·, ·} is the unique biderivation (with respect to the product
in the symmetric algebra) on

Sym(Ec[1](U))× Sym(Ec[1](U)) (3.3.4)
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which coincides with 〈·, ·〉 on

Ec[1](U)× Ec[1](U). (3.3.5)

This equation defines ∆ inductively on the higher symmetric powers.
For instance, if a and b are linear, then ab ∈ Sym2(Ec[1](U), and we see that

∆(ab) = 〈a, b〉 (3.3.6)

because we have set ∆(a) = 0 = ∆(b).
By construction, ∆ is a second-order differential operator on the graded commutative

algebra Sym(Ec[1](U). It is straightforward to verify that ∆2 = 0 and that ∆ commutes
with `1 (because `1 is compatible with the pairing 〈·, ·〉). Hence we posit the next defini-
tion, following the BV prescription for deformation quantization.

Definition 3.3.2. Let E be a free TNBFT. The factorization algebra of quantum observ-
ables for E assigns to an open subset U ⊂ M̊, the (differentiable) cochain complex

(Sym(Ec[1](U))[h̄], `1 + h̄∆) =: Obsq
E (U), (3.3.7)

where the symmetric powers are taken with respect to the completed bornological tensor
product of convenient vector spaces.

Observables of the boundary condition

A boundary condition L leads to factorization algebras on the boundary in a parallel
fashion.

At the classical level, the idea is that we want to use a commutative algebra of func-
tions on L , which we take to be a symmetric algebra on the continuous linear dual L ∗. It
is convenient to work with a smeared (and hence smooth) version of L ∗. One approach
is to note that L is a subspace of E∂, and so we could work with the quotient of Obscl

E∂

by the ideal of functions that vanish on the subspace L . This approach is canonically
determined by the map L → E∂, and hence manifestly meaningful. On the other hand,
it is convenient to have an explicit graded vector bundle to use, particularly when we
quantize and need to transport the BV Laplacian for the bulk theory to an operator on the
boundary observables. Hence we now introduce a different approach that we will see,
later, is equivalent.

Construction 3.3.3. Let L be a boundary condition for a free TNBFT associated to the
graded subbundle L of E∂. Let L⊥ be a complementary subbundle so that E∂ = L⊕ L⊥.
Let L ⊥ denote the sheaf of smooth sections of L⊥, and let L ⊥

c the cosheaf of compactly
supported smooth sections of L⊥. With respect to this splitting, the differential `1,∂ de-
composes as QL + QL⊥ + Qrel, where QL preserves L , QL⊥ preserves L ⊥, and Qrel maps
L ⊥ to L . (There is no operator from L to L ⊥ because we have assumed that `1,∂ pre-
serves L .)
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Notice that every element of L ⊥
c determines a continuous linear functional on L via

the local pairing 〈·, ·〉loc,∂ on E∂. In fact, these smeared observables encompass essentially
all the linear functionals: by the Atiyah-Bott lemma, the complex (L ⊥

c , QL⊥) is continu-
ously quasi-isomorphic to the complex of compactly supported distributional sections of
E∂/L with the differential induced by `1,∂. Hence a symmetric algebra on L ⊥

c deserves to
be understood as an algebra of observables for L .

Definition 3.3.4. Let L be a boundary condition for a free TNBFT. The factorization
algebra of classical boundary observables for L assigns to an open subset U ⊂ ∂M, the
(differentiable) cochain complex

(Sym(L ⊥
c (U)), QL⊥) =: Obscl

L (U), (3.3.8)

where the symmetric powers are taken with respect to the completed bornological tensor
product of convenient vector spaces.

At the quantum level, one obtains a Heisenberg-type deformation of Obscl
L as a fac-

torization algebra. The relevant deformation arises from a canonical bilinear form on L ⊥
c

determined by our construction. Let µ be the following local degree −1 cocycle on L ⊥
c :

for any pair of compactly-supported sections e1 and e2 on an open U ⊂ ∂M, define

µ(e1, e2) =
∫

∂M
〈e1, Qrele2〉loc,∂ , (3.3.9)

We use this pairing to define a second-order differential operator h̄∆µ on Sym(L ⊥
c (U))[h̄]

of cohomological degree 1, just as we constructed the BV Laplacian ∆ on the bulk observ-
ables.

Definition 3.3.5. Let L be a boundary condition for a free TNBFT. The factorization
algebra of quantum boundary observables for L assigns to an open subset U ⊂ ∂M, the
(differentiable) cochain complex

(Sym(L ⊥
c (U))[h̄], QL⊥ + h̄∆µ) =: Obsq

L (U), (3.3.10)

where the symmetric powers are taken with respect to the completed bornological tensor
product of convenient vector spaces.

Remark 3.3.6: The quotient map qL : E∂ → E∂/L makes L⊥ canonically isomorphic to
the quotient bundle E∂/L, and hence we can identify L⊥ with the image of a splitting
of that quotient map. Any two choices of splitting L⊥0 and L⊥1 are related by a bundle
automorphism of E∂. We emphasize this isomorphism is at the point set level; it is an
automorphism of graded vector bundles. Using this automorphism one gets a natural
equivalence between the associated pairings µ0 and µ1. Hence, any two versions of the
construction above are isomorphic. ♦
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Remark 3.3.7: The pairingµ determines a central extension L̂ ⊥
c (U) of L ⊥

c (U) (as an abelian
dg Lie algebra) by the vector space Ch̄ placed in degree 1. That is, L̂ ⊥

c (U) is a kind of
Heisenberg Lie algebra. Since µ is defined for any open subset U of the whole manifold
∂M, we get a precosheaf of central extensions on ∂M. The quantum observables are then
the Chevalley-Eilenberg chains of this dg Lie algebra L̂ ⊥

c . Thus our definition above is a
case of taking a twisted enveloping factorization algebra. See Definition 3.6.4 of [CG17]
for an extensive discussion, and Chapter 4 for an explanation of why this construction
encodes canonical quantization. ♦

Observables of the bulk-boundary system

There is a natural way to extend our methods above to obtain observables on EL , which
describes solutions to the equations of motion for fields in E that must live in L on the
boundary. We will begin by describing the corresponding functor

Opens(M)→ Ch (3.3.11)

and then turn to verifying it is a factorization algebra.

Definition 3.3.8. Let (E , L ) be a free bulk-boundary field theory. The prefactorization
algebra of bulk-boundary classical observables for (E , L ) assigns to each open subset
U ⊂ M, the (differentiable) cochain complex

(Sym(EL ,c[1](U)), `1) =: Obscl
E ,L (U), (3.3.12)

where EL ,c denotes the cosheaf of compactly-supported fields for the bulk-boundary sys-
tem (i.e., elements of EL (U) whose support is compact). The symmetric powers are taken
with respect to the completed bornological tensor product of convenient vector spaces.

To see that Obscl
E ,L is a prefactorization algebra, one can borrow verbatim Section 3.6

of [CG17].

Remark 3.3.9: Definition 3.3.8 differs from Definition 2.4.1. However, we note here that in
the appendices, we provide two useful results,

• a geometric interpretation of the tensor powers EL (U)⊗̂βk and

• a version of the Atiyah-Bott lemma for the bulk-boundary fields (cf. Appendix
D, [CG17]),

that underpin our choice of smeared observables for the bulk-boundary system. Analogs
of these results played a key role in the case of free BV theories on manifolds without
boundary. The first allows us to recognize why the completed bornological tensor prod-
uct is natural here, and it also plays a role in the proof that we get a factorization algebra.
The second justifies that working with the continuous linear dual EL (U)∨ adds no further
information than EL ,c(U)[1], up to continuous quasi-isomorphism. ♦
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In fact, we can, without much difficulty, show that the classical observables form a
factorization algebra, that is, they satisfy the local-to-global condition of Definition 6.1.4
in [CG17].

Theorem 3.3.10. For a free bulk-boundary theory E with local Lagrangian boundary con-
dition L , the classical observables Obscl

E ,L form a factorization algebra.

Proof. The context here is nearly identical to that of Theorem 6.5.3(ii) of [CG17]. By the
same arguments as in the proof of that theorem, we need only to show that, given any
Weiss cover U = {Ui}i∈I of an open subset U ⊂ M, the map

∞⊕
n=0

⊕
i1 ,···,in

Symm (EL ,c[1](Ui1 ∩ · · · ∩Uin)
)
[n− 1]→ Symm(EL ,c[1](U)) (3.3.13)

is a quasi-isomorphism, where the left-hand side is endowed with the Čech differential.
According to the appendix, particularly the Corollary of A.1.4,

Symm (EL ,c[1](Ui1 ∩ · · · ∩Uin)
)

(3.3.14)

is the subspace of

Symm (Ec[1](Ui1 ∩ · · · ∩Uin)
)
⊂ C∞

c ((Ui1 ∩ · · · ∩Uin)
m, (E[1])�m) (3.3.15)

consisting of those sections that lie in (L⊕ E∂dt)x1 ⊗ Ex2 ⊗ · · · ⊗ Exm whenever the first
of the points x1, · · · , xm ∈ (Ui1 ∩ · · · ∩Uin)

m lies on ∂M, and similarly for x2, · · · , xm. The
proof of Lemma A.5.7 of [CG17] constructs a contracting homotopy of the mapping cone
of Equation 3.3.13 without any conditions imposed at the boundary of M. Because the
contracting homotopy involves only multiplication by smooth functions and addition of
sections, it preserves the lie-in condition for (EL ,c)

⊗̂βm. Hence, the contracting homotopy
from the proof of Lemma A.5.7 of [CG17] gives a contracting homotopy for the mapping
cone of Equation 3.3.13, so that the map of that equation is a quasi-isomorphism.

We also define a factorization algebra of quantum observables.

Definition 3.3.11. Let (E , L ) be a free bulk-boundary field theory. The prefactorization
algebra of bulk-boundary quantum observables for (E , L ) assigns to each open subset
U ⊂ M, the (differentiable) cochain complex

(Sym(EL ,c[1](U)[h̄], `1 + h̄∆) =: Obsq
E ,L (U). (3.3.16)

Here ∆ is the restriction of the BV Laplacian for Obsq
E to this graded subspace.

Remark 3.3.12: The fact that `1 + h̄∆ is a differential on Obsq
E ,L (U) requires some proof. In

the case where ∂M is empty, it follows from the invariance of 〈·, ·〉 under `1 (see equation
1.4.4). In the present case, equation 1.4.4 is satisfied for EL , so that `1 + h̄∆ squares to zero
on Obsq

E ,L (U). This property motivates the use of local Lagrangian boundary conditions
for TNBFTs. ♦



CHAPTER 3. FREE QUANTUM BULK-BOUNDARY SYSTEMS 74

Theorem 3.3.13. The functor Obsq
E ,L is a factorization algebra.

Proof. That Obsq
E ,L is a prefactorization algebra is an immediate consequence of the fact

that Obscl
E ,L is, since the BV Laplacian is local. To see that the local-to-global condition is

also satisfied, note that Obsq
E ,L (U) has a filtration given by

Fn Obsq
E ,L (U) =

⊕
j+k≤n

h̄ j Symk(EL ,c(U)[1]) (3.3.17)

for every open subset U. The differential on Obsq
E ,L (U) preserves this filtration. More-

over, for any Weiss cover U of U, the Čech complex Č(U, Obsq
E ,L ) for this cover also has

a filtration and the map
Č(U, Obsq

E ,L )→ Obsq
E ,L (U) (3.3.18)

respects this filtration, hence induces a map of spectral sequences. The induced map on
the associated graded spaces (the E1 page) is the map

Č(U, Obscl
E ,L [h̄])→ Obscl

E ,L (U)[h̄], (3.3.19)

which was shown to be a quasi-isomorphism in the proof of Theorem 3.3.10. Hence the
map in Equation 3.3.18 is a quasi-isomorphism.

3.4 The main theorems
In this section, we state and prove a generalization of Theorem 3.1.1 that applies to a
general free bulk-boundary field theory E with boundary condition L . Without loss of
generality , we will assume that the underlying manifold is of the form M = M∂ ×R≥0,
so that ∂M = M∂. Let π : M → M∂ denote projection onto the boundary. We will also
assume that the space of fields is globally of the form E ⊗̂Ω•R≥0

, with the pairing 〈·, ·〉 of
the form specified in Definition 2.2.4.

Remark 3.4.1: The assumption that M = M∂ ×R≥0 is purely for convenience. Our meth-
ods construct factorization algebras on an arbitrary manifold with boundary, so long as
one can find a tubular neighborhood of the boundary on which the fields decompose to
be “topological normal to the boundary.” ♦

Here is our generalization of Theorem 3.1.1 at the classical level.

Theorem 3.4.2. For a free bulk-boundary field theory (E , L ), we have the following iden-
tifications:

1. Let Obscl
E denote the factorization algebra on M̊ of classical observables for E , con-

structed using the techniques of Chapter 4 of [CG17]. Then, there is an isomorphism

Obscl
E ,L |M̊ ∼= Obscl

E . (3.4.1)
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2. There is a quasi-isomorphism

Icl : Obscl
L → π∗Obscl

E ,L . (3.4.2)

We will state now the quantum analogue of this theorem before turning to the proofs.

Theorem 3.4.3. For a free bulk-boundary field theory (E , L ), we have the following iden-
tifications:

1. Let Obsq
E denote the factorization algebra on M̊ of quantum observables for E , con-

structed using the techniques of Chapter 4 of [CG17]. Then, there is an isomorphism

Obsq
E ,L |M̊ ∼= Obsq

E . (3.4.3)

2. There is a quasi-isomorphism

Iq : Obsq
L → π∗Obsq

E ,L . (3.4.4)

Remark 3.4.4: One consequence of this theorem is that the quantum boundary observables,
for any choice of splitting L⊥, are explicitly identified, up to quasi-isomorphism, with
π∗Obsq

E ,L . Hence we see again that the choice of splitting is irrelevant. ♦

Remark 3.4.5: Theorems 3.4.2 and 3.4.3 are characterizations of the “boundary value” and
the “bulk value” of the factorization algebras Obscl

E ,L , Obsq
E ,L . However, the bulk-

boundary factorization algebras contain more information than their bulk and boundary
values alone—they also encode an action of the bulk observables on the boundary ob-
servables. This is a rich structure. For example, in the Poisson sigma model we believe
the structure to be related to the formality quasi-isomorphism of Kontsevich [Kon03]. We
study this action for topological mechanics and the Chern-Simons/chiral WZW system
in Proposition 3.5.1 and Lemma 3.5.7, respectively. ♦

We now turn to proving these theorems.

Proof of classical theorem. The first statement of the theorem follows immediately from the
fact that EL (U) = E (U) when U ∩ ∂M = ∅.

It remains, therefore, to prove the second statement. Throughout the proof, let U be
an open subset of M∂. Let us first construct the cochain map

Icl(U) : Obscl
L (U)→ Obscl

E ,L (U ×R≥0) (3.4.5)

for each open subset U ⊂ M∂. To this end, let φ be a compactly-supported function on
R≥0 whose integral over R≥0 is 1, and let Φ(t) :=

∫ t
0 φ(s)ds. Both the boundary and bulk

observables arise as symmetric algebras built on cochain complexes, so the map Icl will
be induced from a cochain map on the linear observables.
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As a first step, we decompose the fields EL ,c further. By hypothesis, we have the
isomorphism

Ec(U ×R≥0) ∼= (E∂)c(U) ⊗̂βΩ•R≥0 ,c(R≥0). (3.4.6)

Recall that in the construction of the boundary observables, we have a decomposition

`1,∂ = QL + QL⊥ + Qrel , (3.4.7)

where QL preserves L , QL⊥ preserves L ⊥, and Qrel maps L ⊥ to L . We can therefore
write

EL ,c(U ×R≥0) ∼=
(
Lc(U) ⊗̂Ω•R≥0 ,c(R≥0)oL ⊥

c (U) ⊗̂Ω•R≥0 ,c,D(R≥0)
)

, (3.4.8)

where Ω•R≥0 ,c,D(R≥0) is the cochain complex (concentrated in degrees 0 and 1)

{
f ∈ Ω0

R≥0 ,c(R≥0) | f (t = 0) = 0
}

Ω1
R≥0 ,c(R≥0),

ddR (3.4.9)

and the symbol o reminds us that L ⊥ is not a subcomplex of E∂. Note that our boundary
condition requires that only the L ⊥-valued fields vanish at the boundary.

Define the map Icl(U) : L ⊥
c (U)[−1]→ EL ,c(U ×R≥0) by

Icl(U)(α) = α ∧φ dt− (−1)|α|(Φ− 1)Qrelα, (3.4.10)

where |α| denotes the cohomological degree ofα in L ⊥ (not L ⊥[−1]). The map Icl(U) is
of cohomological degree zero because of the terms ∧φ dt and Qrel. Moreover, Icl(U)(α)
does indeed have compact support if α does, since (Φ− 1)(t) = 0 for t >> 0. By con-
struction Icl is a map of precosheaves. We also see that Icl(U)(α) satisfies the boundary
condition because

ρ
(
Icl(U)(α)

)
= (−1)|α|Qrelα (3.4.11)

and Qrelα lives in Lc. Finally, we check that Icl(U) is a cochain map: on the one hand,

Icl(U)(QL⊥α) = (QL⊥α) ∧φ dt− (−1)|α|+1(Φ− 1)QrelQL⊥α, (3.4.12)

and on the other,

`1Icl(U)(α) = QL⊥α ∧φ dt + Qrelα ∧φ dt (3.4.13)

−Qrelα ∧φ dt− (−1)|α|(Φ− 1)QLQrelα. (3.4.14)

Once one uses the relation QLQrel = −QrelQL⊥ , one sees that the two expressions are
equal. Since Icl(U) respects the differentials on the complexes as well as the extension
maps, it extends to a map of factorization algebras Obscl

L → π∗Obscl
E ,L .
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It remains to show that Icl(U) is a quasi-isomorphism. We will exhibit, in fact, some-
thing much stronger: a deformation retraction. Namely, we will produce a cochain map
Pcl(U) such thatPcl(U)Icl(U) = id and a cochain homotopyKcl(U) between Icl(U)Pcl(U)
and the identity id.

To this end, consider the map

Pcl(U) : EL ,c(U ×R≥0)→ L ⊥
c (U)[−1] (3.4.15)

where

Pcl(U)(e) = pL⊥

(∫
R≥0

e
)

(3.4.16)

and where pL⊥ is the canonical map E∂ → L ⊥ induced by the quotient bundle map
E∂ → L⊥. Notice that

Pcl(U)

(
QL⊥e + QLe + Qrele + (−1)|e|

de
dt
∧ dt

)
= QL⊥

∫
R≥0

e + (−1)|e|pL ⊥

∫
R≥0

de
dt
∧ dt

(3.4.17)

= QL⊥

∫
R≥0

e (3.4.18)

= QL⊥P
cl(U)(e), (3.4.19)

where the second equality holds because e is compactly supported and pL⊥e(0) = 0.
Hence Pcl(U) is a cochain map. Direct computation verifies that Pcl(U)Icl(U) = id.

Consider now the degree –1 map

Kcl(U) : EL ,c(U ×R≥0)→ EL ,c(U ×R≥0) (3.4.20)

where

(Kcl(U)(e))(t) = (−1)|e|−1(Φ(t)− 1)(Pcl(U)(e))− (−1)|e|
∫ ∞

t
e(s). (3.4.21)

The field Kcl(U)(e) satisfies the required boundary condition because

Kcl(U)(e)(0) = (−1)|e|pL⊥

∫
R≥0

e− (−1)|e|
∫
R≥0

e (3.4.22)

and hence Kcl(U)(e)(0) is an element of L . Direct computation shows that Kcl(U) is a
cochain homotopy between Icl(U)Pcl(U) and the identity.

Just as Icl(U) extends to a map of symmetric algebras, extend Kcl(U) and Pcl(U) to
maps

Kcl(U) : Sym(EL ,c[1](U ×R≥0)) =
(
π∗Obsq

E ,L

)
(U)→

(
π∗Obsq

E ,L

)
(U) (3.4.23)

Pcl(U) : Obsq
E ,L (U)→ Sym(L ⊥

c (U)[−1]) = Obscl
L (U) (3.4.24)

by the usual procedure extending a deformation retraction at the linear level to symmetric
powers. (One treatment with the necessary formulas is Section 2.5 of [Gwi12].)
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Proving the quantum theorem is a modest modification of the classical argument.

Proof of quantum theorem. The first statement of the theorem again follows immediately
from the fact that EL (U) = E (U) when U ∩ ∂M = ∅.

It remains, therefore, to prove the second statement, using the constructions from the
proof of the classical theorem. Throughout the proof, let U be an open subset of M∂. Recall
that the cocycle µ determines Obsq

L and the cocycle 〈·, ·〉 determines Obsq
E ,L . We will

show that Icl(U) respects the cocycles and hence determines the desired map Iq between
the quantized factorization algebra. In particular, we must show that

µ(α1,α2) =
〈
Iclα1, Iclα2

〉
. (3.4.25)

To see this, compute〈
Iclα1, Iclα2

〉
=
∫

M∂×R≥0

〈α1, Qrelα2〉loc,∂φ(1−Φ) dt +
∫

M∂×R≥0

〈Qrelα1,α2〉loc,∂φ(Φ− 1) dt

(3.4.26)

= 2µ(α1,α2)
∫
R≥0

φ(1−Φ) dt. (3.4.27)

Since d
dt(1−Φ) = −φ, we find∫

R≥0

φ(Φ− 1) = −
∫ 0

−1
u du =

1
2

, (3.4.28)

which verifies that Icl preserves the cocycles defining the quantum observables, as needed.

3.5 Applications
In this section, we apply our main theorems to several bulk-boundary systems, namely
the examples already mentioned in Section 3.2. In the low-dimensional examples, we can
relate the factorization algebras to more familiar objects, such as associative algebras and
vertex algebras. For instance, in the example of topological mechanics, we find that our
procedure is equivalent to the canonical quantization of the algebra O(V) (on the “bulk”
line) and its Fock space (on the boundary point).

In higher dimensions, our factorization algebras recover familiar phenomena when
using simple product spaces and performing compactifications (aka pushforwards). For
example, on a slab of the form N × [0, 1] with N an oriented 2-manifold, the CS/WZW
system is shown to be equivalent to the free massless scalar boson on N (see Lemmas
3.5.5 and 3.5.6).

For the sake of space, we omit some examples which appear in the pre-print [GRW20];
we direct the interested reader there.
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Topological mechanics

In this subsection, we study the factorization algebras for topological mechanics with
values in V and with boundary condition L. We will see that the factorization algebra of
classical bulk-boundary observables encodes the commutative algebra Sym(V) together
with the module Sym(V/L). For the quantum observables, we obtain the Weyl algebra
W(V) and the Fock module F(L) built on L. (We define these objects in the sequel.)

Recall that a symplectic vector space (V,ω) together with a Lagrangian subspace
L ⊂ V define a free bulk-boundary system on [0,ε), which we call topological mechan-
ics (cf. Example 2.2.10). (We can take V to be Z-graded, if we like, but of bounded total
dimension.) The main theorem 3.4.2 identifies Obscl

E ,L

∣∣∣
(0,ε)

with the factorization enve-

lope on (0,ε) of the abelian Lie algebra V. Proposition 3.4.1 of [CG17] shows that this
factorization algebra is equivalent to the locally constant factorization algebra on (0,ε)
corresponding to the associative algebra O(V) := Sym(V). Similarly, Obsq

E ,L

∣∣∣
(0,ε)

is

equivalent to the factorization algebra on (0,ε) corresponding to the Weyl algebra W(V).
(Recall that the Weyl algebra is the algebra generated by V and h̄ and subject to the rela-
tion v1v2 − v2v1 = ω(v1, v2)h̄.) We freely use the isomorphism V ∼= V∨ induced byω, so
in particular, we may identify O(V) ∼= Sym(V∨).

For any 0 < δ ≤ 0, the main theorems also identify the bulk-boundary observables
Obscl

E ,L ([0, δ)) and Obsq
E ,L ([0, δ)) with the boundary observables

Obscl
L
∼= Sym(V/L) (3.5.1)

and
Obsq

L
∼= Sym(V/L)[h̄], (3.5.2)

respectively, for any δ ≤ ε. The second isomorphism arises from the fact that Qrel = 0.
These identifications are purely identifications of factorization algebras on {0}; they

do not take into account the actions of Obscl
E , Obsq

E on the boundary observables. In
this subsection, we show how the bulk and boundary observables interact through the
bulk-boundary factorization algebras Obscl

E ,L and Obsq
E ,L . Namely, we will examine the

structure maps involving one or more intervals including the boundary point. These
structure maps will give the boundary observables the structure of a right module over
the corresponding algebras in the bulk.

More precisely, given an algebra A and a pointed right module M of A, there is a
stratified locally constant factorization algebra FA,M on [0,ε) which assigns A to any open
interval, and M to any half-closed interval (cf. §3.3.1 of [CG17]). We will show that
the cohomology factorization algebras H•Obscl

E ,L and H•Obsq
E ,L will be of this form

for particular choices of A and M. We have already discussed that the corresponding
algebras are O(V) and W(V) for the classical and quantum observables, respectively. It
remains only to identify the relevant modules.
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The Lagrangian L ⊂ V determines a (right) module for the commutative algebra
O(V), namely O(V/L) := Sym(V/L) ∼= Sym(L∨) with the module structure induced
from the quotient map V → V/L. Similarly, L determines a right module F(L) for the
Weyl algebra, namely the quotient of W(V) by the right-submodule generated by L. The
underlying vector space for F(L) is Sym(V/L ⊕ h̄). Having established all the relevant
notation, we can now state the main proposition.

Proposition 3.5.1. For (E , L ) corresponding to topological mechanics of Example 2.2.10,
there is a quasi-isomorphism of factorization algebras on R≥0

Obscl
E ,L

'−→ FO(V),O(V/L) (3.5.3)

from classical observables to the stratified locally constant factorization algebra associated
to the algebra O(V) and the module O(V/L). Likewise, there is a quasi-isomorphism of
factorization algebras

Obsq
E ,L

'−→ FW(V),F(L) (3.5.4)

from the quantum observables to the stratified locally constant factroziation algebra as-
sociated to the Weyl algebra W(V) and the Fock module F(L).

Proof. It is straightforward to verify that the factorization algebras of both the classical
and quantum bulk-boundary observables are stratified locally constant with respect to
the stratification {0} ⊂ [0,ε). Hence, each factorization algebra corresponds to some pair
(A, M). We need only to determine the modules living on the boundary. To this end,
let I1 = (0,ε) and I2 = [0,ε). Consider the structure maps for the inclusion I1 ⊂ I2.
Let A stand momentarily for either of O(V), W(V), and similarly let M stand for either
of the two modules on the boundary. The structure map mI2

I1
induces a map A → M.

The associativity axiom of a prefactorization algebra guarantees that this is a map of A
modules.

Recall from the proof of Theorem 3.4.2 that the map Icl is induced from a choice φ of
compactly-supported function on I2 whose total integral is 1. Let us suppose that φ is
supported on I1. Then, we have a quasi-isomorphism

Icl
int : V → EL ,c(I1)[1] (3.5.5)

where
Icl

int(v) = φ dt⊗ v. (3.5.6)

The symmetrization of this map, which we also denote by Icl
int, induces a quasi-isomorphism

Icl
int : Sym(V)→ Obscl

E ,L (I1). (3.5.7)

Consider the composite map

Sym(V) Icl
int
// Obscl

E ,L (I1) mI2
I1
// Obscl

E ,L (I2)Pcl(I2)
// Sym(V/L), (3.5.8)
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where Pcl(I2) is introduced in the proof of Theorem 3.4.2. It follows directly from the def-
initions that the composite is the map Sym(V)→ Sym(V/L) induced from the projection
V → V/L. The statement of the proposition for the classical observables follows.

We now “perturb” the classical information. We would like to understand the struc-
ture map

mI2
I1

: Obsq
E ,L (I1)→ Obsq

E ,L (I2) (3.5.9)

at the level of cohomology. We know that the cohomology of Obsq
E ,L (I1) is the underly-

ing vector space of W(V), and the cohomology of Obsq
E ,L (I2) is Sym(V/L)[h̄], which is

the underlying vector space of a module M for W(V). The structure map mI2
I1

induces
a map T : W(V) → M which intertwines the right W(V) actions. Because Obsq

E ,L
is filtered by powers of h̄, and because the associated graded factorization algebra is
Obscl

E ,L ⊗CC[h̄], T is surjective. Hence, to understand M, we simply need to identify the
kernel of T. In the proof of Theorem 3.4.2, we constructed maps Icl(I2),Pcl(I2),Kcl(I2)
which fit into a deformation retraction. Hence, the homological perturbation lemma (see,
e.g., [Cra04]) gives a formula for a quasi-isomorphism

Pq : Obsq
E ,L (I2)→ Sym(V/L)[h̄]. (3.5.10)

On the sub-complex EL (I2)[1] ⊂ Obsq
E ,L (I2), Pq agrees with Pcl. Moreover, as demon-

strated in [CG17], the map

V EL (I1)[1] Obsq
E ,L (I1)

Icl
int (3.5.11)

induces the canonical map V → W(V) on cohomology. Finally, tracing through the defi-
nitions, the composite

V EL (I1)[1] Obsq
E ,L (I1) Obsq

E ,L (I2) M
Icl

int
mI2

I1 Pq
(3.5.12)

is seen to be the quotient map V → V/L followed by the inclusion V/L→ Sym(V/L)[h̄].
Thus, L is in the kernel of T, and hence so too is the whole submodule of W(V) generated
by L. For dimension reasons, this implies that M ∼= F(L).

Free Poisson sigma model

In this section, we examine the Poisson sigma model with linear target (Example 3.2.3).
Our discussion is brief; see [GRW20] for a much more extensive discussion of this theory.

Recall from Example 3.2.3 that a vector space V and a skew-symmetric linear map
Π : V∨ → V determine a field theory on any oriented surface Σ with boundary. The
(underlying graded vector) space of fields of this theory is(

Ω•Σ ⊗V∨[1]
)
⊕ (Ω•Σ ⊗V) . (3.5.13)



CHAPTER 3. FREE QUANTUM BULK-BOUNDARY SYSTEMS 82

The differential is of the form (ddR ⊗ id) ⊕ (id⊗Π) (the first term preserves each sum-
mand in the decomposition above, and the second term maps the first summand to the
second). In particular, one obtains a field theory on the upper half-plane Σ = H. For the
choice of Lagrangian L0 = Ω•R ⊗V, we have L ⊥

0 = Ω•R ⊗V∨[1].
Recall our notational convention: given an associative algebra A, let FA denote the

locally constant factorization algebra on R constructed from A (cf. the first example in
Section 3.1.1 of [CG17]). The following lemma is a straightforward application of Propo-
sition 3.4.1 of [CG17] and Theorems 3.4.2 and 3.4.3.

Lemma 3.5.2. For L0 as defined just above, there is a quasi-isomorphism of factorization
algebras on R

Obscl
L0

'−→ FSym(V∨) (3.5.14)

for classical observables and a quasi-isomorphism of factorization algebras

Obsq
L0

'−→ F(Sym(V∨)[h̄],∗), (3.5.15)

where ∗ refers to the Kontsevich star product on Sym(V∨)[h̄]. The product is character-
ized by the relation

ν1 ∗ ν2 − ν2 ∗ ν1 = h̄ν1(Πν2), (3.5.16)

where ν1,ν2 ∈ V∨.

In our situation the dual space V∨ can be decomposed into a direct sum of a vector
space V∨t with a trivial pairing and a vector space V∨s with a nondegenerate (i.e., sym-
plectic) pairing. Thus the quantum observables corresponds to a tensor product of a
commutative algebra Sym(V∨t ) and a Weyl algebra W(Vs). It is thus natural to analyze
just these two cases since the general answer can be assembled from them.

Remark 3.5.3: One can define the boundary observables Obsq
L0

without making any ref-
erence to the theory on H for which L0 is a boundary condition. Theorem 3.4.3 tells us
that these observables are equivalent to the pushforward of the coupled bulk-boundary
observables. When V ceases to be a linear Poisson manifold, there is no direct definition
of Obsq

L0
, and in fact the quantization of Sym(V∨) produced in [Kon03] requires in an

essential way the study of the theory on H. We expect that once one constructs the factor-
ization algebra of quantum observables for the (interacting) Poisson sigma model on H,
its pushforward to R recovers the algebra Sym(V∨)[h̄] with the Kontsevich star product.
In fact, we expect that one can apply a similar procedure to any theory with a shifted
Poisson structure, using the so-called “universal bulk theory” [BY16]. ♦

As a special case, when Π is zero, the quantum observables correspond to the com-
mutative algebra generated by V∨ and h̄; moreover, a new boundary condition becomes
available. Namely, we take L1 = Ω•R ⊗V∨[1], so that L ⊥

1 = Ω•R ⊗V. We have a similar
lemma.
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Lemma 3.5.4. There are quasi-isomorphisms

Obscl
L1

'−→ FΛ•V (3.5.17)

Obsq
L1

'−→ F(Λ•V)[h̄]; (3.5.18)

where we use Λ•V to denote the free graded algebra generated by V in degree 1.

Abelian CS/WZW

As we have seen, a finite-dimensional complex vector space A endowed with a non-
degenerate symmetric pairing κ defines abelian Chern-Simons theory on an oriented 3-
manifold M, with space of fields E = Ω•M ⊗ A[1]. We focus here on the boundary con-
dition L = Ω1,•

Σ ⊗A, which encodes chiral currents, and we examine this system in two
different cases of interest.

First, we study the system on a manifold of the form N× [0, 1], where N is an oriented
2-manifold endowed with a complex structure at t = 0 and the conjugate complex struc-
ture at t = 1. Let p : N × [0, 1] → N denote the projection onto the first factor. We study
the pushforwards p∗Obscl

E ,L and p∗Obsq
E ,L , which is a kind of “slab compactification.”

In this case, we find that the pushforwards are equivalent to the factorization algebras of
observables of the massless free scalar on N (Lemmas 3.5.5 and 3.5.6). At the level of fac-
torization algebras, we are recovering a “full” CFT by intertwining a chiral and antichiral
CFT.

Next, we study the system on a 3-manifold of the form Σ × R≥0, where Σ is a Rie-
mann surface. Here, we push forward via the projection p′ onto R≥0, and find that the
systems are equivalent to topological mechanics on R≥0 with values in H•(Σ)[1] and with
boundary condition H1,•(Σ) (see Lemma 3.5.7).

Fixing the complement L⊥

The elliptic complex on Σ complementary to the boundary condition L is

L ⊥ = Ω0,•(Σ)⊗A[1] (3.5.19)

equipped with the ∂ differential (this is not a subcomplex of E∂). Using the obvious split-
ting of Ω•(∂M) into the components Ω0,•(Σ) and Ω1,•(Σ), we see that the differential
`1,∂ = ddR decomposes as

`1,∂ = QL + QL⊥ + Qrel = ∂Ω1,• + ∂Ω0,• + ∂ (3.5.20)

where we view Qrel = ∂ as the map of elliptic complexes ∂ : Ω0,•(Σ)⊗A[1]→ Ω1,•(Σ)⊗
A.
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The classical observables

The sheaf EL of L -conditioned fields has the following explicit description. For U ⊂ M:

EL (U) = {α ∈ E (U) | π(α) ∈ ι∗L (U)} (3.5.21)

= {α ∈ Ω•(U)⊗A[1] | ι∗α ∈ Ω1,•(∂U)⊗A}. (3.5.22)

That is, the L -conditioned fields supported on U ⊂ M consist of differential forms on U
whose pullback to the boundary are forms of type (1, •). Likewise, we have the cosheaf
U 7→ EL ,c(U) on M which consists of compactly supported differential forms on U whose
pullback to the boundary are compactly supported forms of type (1, •).

The factorization algebra of classical boundary observables Obscl
L on Σ assigns the

cochain complex

Sym(L ⊥
c (U)) =

(
Sym

(
Ω0,•

c (U)⊗A[1]
)

, ∂

)
. (3.5.23)

to an open set U ⊂ Σ. Note that this is the (untwisted) enveloping factorization algebra
of the cosheaf of abelian dg Lie algebras Ω0,•

c ⊗A on Σ. See §3.6.2 of [CG17].

The quantum observables

The factorization algebra of bulk-boundary quantum observables Obsq
E ,L assigns to the

open set U ⊂ M the cochain complex (Sym(EL ,c[1](U))[h̄], `1 + h̄∆).
From the general prescription in Section 3.3 the factorization algebra of quantum

boundary observables Obsq
L is the enveloping factorization algebra of L ⊥

c [−1] = Ω0,•
c (U)⊗

A twisted by a local cocycle µ whose formula appears in Equation (3.3.9).
Since Qrel = ∂ we have the explicit formula for µ:

µ(α1,α2) =
∫
C
κ(α1, ∂α2). (3.5.24)

Explicitly, this local cocycle defines the factorization algebra on Σ which assigns the cochain
complex (

Sym
(
Ω0,•

c (U)⊗A[1]
)
[h̄], ∂ + h̄µ

)
. (3.5.25)

to an open set U ⊂ Σ. In other words, this is the twisted factoriazation enveloping algebra
of the cosheaf of abelian dg Lie algebras Ω0,•

c ⊗ A on Σ associated to the local cocycle µ.
(See §3.6.3 of [CG17].)

In Chapter 5 of [CG17] it is shown that locally on Σ = C, this factorization algebra is a
model for the abelian Kac-Moody vertex algebra associated to the level κ.
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Σ ΣN

M̊

π

Figure 3.2: Projection of N × [0, 1] onto N

Slab compactification

Let N be an oriented 2-manifold. We consider a three-manifold of the form M = N ×
[0, 1]. Moreover, we equip N × {0} with a complex structure and denote the resulting
Riemann surface by Σ; we equip N × {1} complex conjugate complex structure and de-
note the resulting Riemann surface by Σ. Let ι0 and ι1 denote the inclusions of N at t = 0
and t = 1, respectively. Let π : M → N be the projection onto the “space” slice of M. See
Figure 3.2.

For these choices

EL =
{
µ ∈ Ω•N×[0,1] ⊗A[1] | ι∗0µ ∈ Ω1,•

Σ ⊗A, ι∗1µ ∈ Ω•,1Σ ⊗A
}

. (3.5.26)

is the space of L -conditioned fields for the Chern-Simons/chiral WZW bulk-boundary
system.

We study now the “slab compactification” of the factorization algebra of bulk-boundary
observables. This is the factorization algebra on N obtained by pushing forward ObsE ,L
along π . To decongest the notation, we assume that A = C, since all proofs proceed with
little change for general A.

Let Escalar denote the cochain complex underlying the BV theory of the scalar field on
Σ. Namely, it is the two-term chain complex

Ω0
Σ Ω2

Σ
∂∂ (3.5.27)

concentrated in cohomological degrees 0 and 1, together with the natural degree –1 pair-
ing between top forms and functions. Let Obscl

Escalar
and Obsq

Escalar
denote the factorization

algebras of classical and quantum obervables, respectively, for the massless free scalar.
We now show that there is a quasi-isomorphism of factorization algebras between

the observables of the free scalar and the slab compactification of the bulk-boundary ob-
servables of Chern-Simons theory. In words, this quasi-isomorphism says that the free
massless 2-dimensional scalar field emerges as the theory describing a “thin” slab with
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chiral currents on one side coupled to antichiral currents on the other via a Chern-Simons
theory between them.

Lemma 3.5.5. There is a quasi-isomorphism

Obscl
Escalar

→ π∗Obscl
E ,L (3.5.28)

of factorization algebras on N.

Proof. Define a map I : Escalar → π∗EL by the formulas:

I( f ) = f ⊗ dt + ∂ f ⊗ t− ∂ f ⊗ (1− t) (3.5.29)
I(ω) = ω⊗ 1. (3.5.30)

The sheaf π∗EL is a subsheaf of Ω•Σ⊗̂βΩ•[0,1]([0, 1]), so we “factorize” forms into their tan-
gential and normal components and write elements of π∗EL as tensor products. Strictly
speaking, not all forms can be written as tensor products, or even as finite sums of such.
However, all formulas we write down have a canonical extension to the full (completed
bornological) tensor product Ω•Σ⊗̂Ω•[0,1]([0, 1]). The map I is manifestly a sheaf map, and
it is relatively straightforward to check that it is a cochain map, Furthermore, I induces
the desired quasi-isomorphism, as we proceed to show.

We construct an inverse quasi-isomorphism P to I. Let f ∈ Ω0
Σ, α ∈ Ω0,1

Σ , β ∈ Ω1,0
Σ ,

ω ∈ Ω2
Σ, and ν1,ν2,ν3,ν4 ∈ Ω•[0,1]. Define the map P : π∗EL → Escalar by the formulas

P( f ⊗ ν1 +α ⊗ ν2 +β⊗ ν3 +ω⊗ ν4) = (ι∗0ν4)ω+ f
∫
[0,1]

ν1 − ∂β

∫
[0,1]

ν3. (3.5.31)

Let us check that P is a cochain map. Let f ⊗ν1 be a zero form on M which lies in EL , i.e.
it vanishes at t = 0 and t = 1. Then,

P((∂ + ∂) f ⊗ ν1 + f ⊗ dν1) = f ⊗ ν1(1)− f ⊗ ν1(0) = 0 = QscalarP( f ⊗ ν1). (3.5.32)

Letα⊗ν1 +β⊗ν2 + f ⊗ν3 be a one-form on M which satisfies the boundary conditions
to lie in EL (here, ν1,ν2 ∈ Ω0

[0,1], and ν3 ∈ Ω1
[0,1]; the boundary conditions are ι∗0ν1 = 0

and ι∗1ν2 = 0). Then,

P(∂α ⊗ ν1 −α ⊗ dν1 + ∂β⊗ ν2 −β⊗ dν2 + (∂ + ∂) f ⊗ ν3) (3.5.33)

= ν1(0)∂α + ν2(0)∂β+ ∂β(ν2(1)− ν2(0))− ∂∂ f
∫
[0,1]

ν3 (3.5.34)

= ∂∂ f
∫
[0,1]

ν3 = `1 (P(α ⊗ ν1 +β⊗ ν2 + f ⊗ ν3)) . (3.5.35)

This exhausts all the non-trivial checks that P intertwines differentials.
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It is immediate that PI = id. We now construct a homotopy between IP and id. Let η0
denote the degree –1 endomorphism of the de Rham forms Ω•[0,1] which takes a one-form
ν to the unique anti-derivative of ν which vanishes at t = 0. Similarly, define η1 to be the
anti-derivative which vanishes at t = 1. Now, define

K : π∗EL → π∗EL [−1] (3.5.36)

K( f ⊗ ν) = f ⊗ η0(ν)−
(∫

[0,1]
ν

)
f ⊗ t (3.5.37)

K(α ⊗ ν) = −α ⊗ η0(ν) (3.5.38)
K(β⊗ ν) = −β⊗ η1(ν) (3.5.39)
K(ω⊗ ν) = ω⊗ η0(ν), (3.5.40)

One can verify by straightforward computation that `1K + K`1 = IP− id, which proves
that P and I are inverse quasi-isomorphisms.

All maps involved are manifestly sheaf-theoretic over Σ, and moreover they preserve
compact support. Hence, we also have quasi-isomorphisms

Escalar,c(U)[1]→ EL ,c(U × [0, 1])[1] (3.5.41)

for each U ⊂ N, and the quasi-isomorphisms respect the extension by zero maps. The
lemma follows, using the usual extension of a deformation retraction between cochain
complexes to a deformation retraction between the corresponding symmetric algebras.

A similar lemma holds for the quantum observables.

Lemma 3.5.6. There is a quasi-isomorphism

Obsq
Escalar

→ π∗Obsq
E ,L (3.5.42)

of factorization algebras on N.

Proof. By direct inspection, the map I defined in the proof of Lemma 3.5.5 respects the
(–1)-shifted pairings on Escalar and EL . Hence it induces also a quasi-isomorphism on the
quantum observables.

Corollary. Let Obscl
χ denote the boundary observables for the chiral WZW boundary con-

dition on Σ, and similarly let Obscl
χ̄ denote the boundary observables for the anti-chiral

WZW boundary condition on Σ. There is a map of factorization algebras on N:

Obscl
χ ⊗̂β Obscl

χ̄ → Obscl
Escalar

. (3.5.43)

There is an analogous map for the quantum factorization algebras.
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This map encodes the chiral and antichiral “sectors” of the full CFT. When evaluated
on a disk, it determines a map from a vertex algebra tensored with its conjugate into
the OPE-algebra of the massless scalar field. On a closed Riemann surface, the global
sections of Obscl

χ and Obscl
χ̄ are (dual to) the conformal blocks of the holomorphic and

anti-holomorphic Kac-Moody vertex algebras, respectively. This pairing of the factoriza-
tion algebras gives a local-to-global description of the “holomorphic factorization” of the
conformal blocks of the full WZW theory [Wit92] in the case of an abelian group.

Proof. By Theorem 3.4.2,
Obscl

χ ' π∗ Obscl
E ,L

∣∣∣
N×[0,1/2)

, (3.5.44)

and
Obscl

χ̄ ' π∗ Obscl
E ,L

∣∣∣
N×(1/2,1]

. (3.5.45)

By Lemma 3.5.5,
Obscl

Escalar
' π∗Obscl

E ,L (3.5.46)

The map of the present corollary is then induced from the structure maps of Obscl
E ,L for

inclusions of the form U × [0, 1/2) tU × (1/2, 1] ⊂ U × [0, 1].

The other projection

Let M = Σ× R≥0, and consider the projection p : M → R≥0. In this section, we study
the pushforward factorization algebras p∗Obscl

E ,L and p∗Obsq
E ,L , which can be seen as

studying canonical quantization of Chern-Simons theory (cf. §4.4 of [CG17]).
Let V = H•(Σ)[1] and endow it with the symplectic structure induced from the

Poincaré duality pairing. This graded vector space models the tangent complex at the
basepoint of the U(1)-character stack for Σ; its symplectic structure is also known as the
Atiyah-Bott form. Let L denote the cohomology of the holomorphic 1-forms on Σ; it is
the Lagrangian in V given by the (1, •)-part of the Dolbeault cohomology of Σ. (A choice
of Kähler metric on Σ gives such an embedding L → V.) Conceptually, picking this La-
grangian corresponds to choosing a polarization of the character stack.

By pushing forward from M to R≥0, we reduce the study of abelian Chern-Simons
theory to the study of topological mechanics for the pair (V, L), which we treated in Sec-
tion 3.5.

Lemma 3.5.7. As factorization algebras on R≥0, we find

• the classical observables p∗Obscl
E ,L are quasi-isomorphic to FO(V),O(L), and

• the cohomology of the quantum observables H•(p∗Obsq
E ,L ) is isomorphic to FW(V),F(L),

which encodes the Weyl algebra associated to that tangent complex as well as the
Fock space determined by the Lagrangian.
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In other words, at the classical level, our factorization algebra encodes the symplectic
geometry of the U(1)-character stack near its base point, including the natural polariza-
tion associated with choosing a complex structure on the surface. Our quantization re-
covers the canonical quantization of that data. In short, our process recovers a shadow of
the geometric quantization of abelian Chern-Simons theory.

Proof. Choose a Kähler metric on Σ. Let (E , L ) denote the Chern-Simons/chiral WZW
bulk-boundary system on Σ × R≥0. Let (F , K ) denote topological mechanics on R≥0
with values in H•(Σ)[1] and with boundary condition H1,•(Σ). Hodge theory using the
Kähler metric allows one to construct a quasi-isomorphism

FK ,c(U)[1]→ EL ,c(Σ×U)[1] (3.5.47)

for any open subset U ⊂ R≥0. This quasi-isomorphism manifestly preserves the cocycles
used to define the quantum observables and the extension-by-zero maps for inclusions
U ⊂ V. It follows that p∗Obscl

E ,L and p∗Obsq
E ,L are equivalent to the corresponding

factorization algebras for topological mechanics. The lemma follows via Proposition 3.5.1.
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Chapter 4

Interacting Quantum Bulk-Boundary
Systems

4.1 Introduction
In this chapter, we articulate what we mean by a quantum bulk-boundary system, and
we show that quantum bulk-boundary systems give rise to factorization algebras of ob-
servables. Our approach follows the work of Costello and Gwilliam ([Cos11; CG17; CG])
very closely.

Recall from the Introduction that Costello defines a quantum field theory on a man-
ifold M (without boundary) to be a collection {I[L]} of interaction functionals, one for
each L > 0, satisfying

1. The (homotopical) renormalization group flow equation, which specifies I[L] in
terms of I[L′] for any L and L′,

2. The (renormalized) quantum master equation (QME),

3. An asymptotic locality condition as L→ 0.

Given such a quantum field theory, Costello and Gwilliam [CG] show that one may
assign to it a factorization algebra on M.

We will establish a similar definition for quantum bulk-boundary systems (cf. Defi-
nition 4.4.16). Having made this definition, we will then discuss the obstruction theory
for the quantization of bulk-boundary systems. Finally, we will construct factorization
algebras of observables associated to quantum bulk-boundary systems. Many of the con-
structions of Costello and Gwilliam carry over mutatis mutandis.

Inter mutandes, however, is where the main technical details of this dissertation lie.
Namely, in making sense of the RG equation and the QME on manifolds without bound-
ary, one needs to introduce a renormalized propagator and BV Laplacian. It takes some
care to define the appropriate objects in the case of bulk-boundary systems. To this end,
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we use the so-called “method of image charges.” In mathematical terms, we replace a
manifold with boundary M with its double MDBL, i.e. the union of two copies of M along
∂M. (Recall that ∂M has a number of preferred tubular neighborhoods in M, namely
those for which the axioms of a classical bulk-boundary system are satisfied. The gluing
happens using one of these choices. The double MDBL possesses an involution σ , and we
relate the study of the theory on M to that of a σ-invariant theory on MDBL. We will call
this doubling procedure “the doubling trick.” For our purposes, “the doubling trick” and
“the method of image charges” represent the same techniques.

We emphatically do not make the claim that a bulk-boundary system on M is in gen-
eral the same as aσ-invariant theory on MDBL. Nevertheless,σ-invariant objects on MDBL
will furnish the desired heat kernels and propagators for the bulk-boundary system on
M.

To make use of the doulbing trick, we will need to impose additional restrictions
on our bulk-boundary systems (in addition to the restrictions we have already made in
Chapter 2). The universal bulk theories, as well as most examples we consider, will sur-
vive this additional culling.

To the reader familiar with the formalism of Costello and Gwilliam, we note that the
formalism for bulk-boundary systems exhibits essentially all of the same features. In
particular, we show a bijection between the space of local functionals and the so-called
quantum “pre-theories;” show that the obstruction theory of quantum bulk-boundary
systems is governed by the complex of local functionals introduced and studied in Section
2.3; and construct a factorization algebra of observables associated to a quantum bulk-
boundary system.

4.2 Strong Boundary Conditions and the Doubling Trick
In this section, we describe a procedure which introduces additional boundary conditions
on the space of fields. The role of the additional boundary conditions is to replace the
spacetime M with the manifold (without boundary) MDBL obtained by gluing two copies
of M along ∂M, at least for the study of the underlying free theory to E . However, to make
the doubling procedure work, we need to restrict the class of field theories we consider
still further.

Definition 4.2.1. Let L be a boundary condition for a TNBFT. A complement to L is a
vector bundle complement L′ to L in E∂. We write L ′ for the sheaf of sections of L′.

Definition 4.2.2. Let (E , L ) be a bulk-boundary system. (E , L ) is amenable to the dou-
bling trick if one can find a complement L ′ to L such that there is a decomposition

E = A⊕ B (4.2.1)

where A and B are graded vector bundles on M. We require the following:
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1. The pairing 〈·, ·〉loc is zero when restricted to A⊗ A,

2. In the same tubular neighborhood T over which E |T ∼= E∂ �Λ•(T∗[0,ε)), we have
A |T ∼= A∂�Λ•(T∗[0,ε)) and similarly for B. Here A∂, B∂ are subbundles of E∂, and
E∂ = A∂ ⊕ B∂.

3. Let Γ be the bundle map E∂ → E∂ which acts by 1 on L and −1 on L′. We require Γ

to preserve A∂ and B∂.

4. Let A , B denote the sheaves of sections of A, B, and similarly for A∂. We require
that one can write `1 = Q + `cross, where `cross : A → B and Q is of the form
Q∂ ⊗ 1 + 1⊗ ddR when acting on sections in C∞(T; E|T). Here, Q∂ is a differential
on E∂ making E∂ into an elliptic complex and Q∂ preserves L , L ′, A∂, and B∂.

5. Q preserves A and B. (Over T, this statement follows from the previous condition.)

6. Q and `cross are separately (almost) skew-symmetric for the pairing 〈·, ·〉, i.e.

〈Qe1, e2〉+ (−1)|e1| 〈e1, Qe2〉 = 0 (4.2.2)

(and similarly for `cross) for e1, e2 ∈ C∞
c.s.(M̊; E).

Remark 4.2.3: We admit that some of these conditions may be redundant. We do not in-
vestigate this issue here. ♦

Remark 4.2.4: The purpose of Definition 4.2.2 is to introduce a general sub-class of bulk-
boundary systems containing most examples of interest to us while keeping the formal-
ism as general as we can make it.

For the reader familiar with the Alexandrov-Kontsevich-Schwarz-Zaboronsky formal-
ism, we the reader may think of Definition 4.2.2 to be a notion of AKSZ-type theories
whose target is a (possibly twisted) shifted cotangent bundle. (This condition is impre-
cise, but we hope it can help to orient some readers.) ♦

When we say that a field theory (E , L ) is amenable to doubling, we will usually
have in mind that (E , L ) is already equipped with a particular choice of amenability
data L′, A, B, · · ·. In [Cos11], Costello gives a careful accounting of the dependence of his
constructions on choices of this nature. We believe that a similar accounting can be done
in the context at hand; however, for the sake of space, we do not undertake this here.

Example 4.2.5: Suppose (E , L ) is a TNBFT with boundary condition and one can find an
L ′ so that `1,∂ preserves L and L ′. Then we can take A = 0, B = E, Q = `1. Hence, any
field theory with `1,∂ of this form is amenable to the doubling trick (e.g. BF theory). ♦

Example 4.2.6: In [BY16], Butson and Yoo describe a classical bulk-boundary system on a
manifold of the form ∂M × R≥0 associated to any Poisson BV theory. In the interest of
space, we have not defined these objects here. Nevertheless, we briefly describe some of
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the features of this “universal bulk theory,” so that we can show that it is amenable to
doubling. The sheaf of fields F for a degenerate theory is the sheaf of sections on ∂M of
a vector bundle. The space of fields for the universal bulk theory for F is

F ⊗̂βΩ•R≥0
⊕F !⊗̂Ω•R≥0

;

the differential `1 on this complex is QF⊕F ! ⊗ 1 + 1F⊕F ! ⊗ ddR + Π⊗ 1, where

Π : F → F !

is the degree +1 operator induced from the constant term in the Poisson structure on F
and QF⊕F ! preserves both F and F !. It follows from this description that the boundary
space of fields is F ⊕F !, together with the differential QF⊕F 1 + Π. To show that such a
theory is amenable to doubling, take

L = F L′ = F!, (4.2.3)

A = L� (Λ•(T∗R≥0)) B = L′ � (Λ•(T∗R≥0)), (4.2.4)

Q∂ = QF ⊕Q!
F , (4.2.5)

and `cross induced from the constant term in the P0 structure on F . ♦

Example 4.2.7: In this example, we describe a bulk-boundary system which is an example
and a non-example, depending on the manifold on which it is formulated. Chern-Simons
theory with chiral WZW boundary condition may be formulated on a general 3-manifold
with a transversely holomorphic foliation, where the foliation is transverse also to the
boundary. In such a general situation, it is not possible to show that this bulk-boundary
condition is amenable to doubling. However, for a 3-manifold of the form Σ×R≥0, this
bulk-boundary system is the universal bulk theory associated to a Poisson BV theory on
Σ; hence, on such manifolds, the CS/WZW system is amenable to doubling. ♦

Remark 4.2.8: The purpose of Definition 4.2.2 is to split the differential `1 on E into the
sum of a term Q which has “nice” behavior near the boundary and a term `cross whose
corresponding contribution to the action

S`cross(e) =
1
2
〈e, `crosse〉 (4.2.6)

can be treated as an interaction. Using the skew-symmetry of `cross, one finds that S`cross(e)
is a functional of A fields only. This will be a crucial property in guaranteeing that one
can in fact treat S`cross(e) as an interaction term (cf. Definition-Lemma 4.4.6). ♦
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We now note a number of nice properties of bulk-boundary systems which are amenable
to doubling. Once we do this, we will be in a better position to see what makes such bulk-
boundary systems “amenable to doubling.”

We will let E̊ denote the complex of sheaves

(E , Q); (4.2.7)

we will often write E for the complex (E , `1). Hence, E̊ and E have the same underlying
graded spaces; they differ only in their differentials. Similarly, we will denote by E̊L the
complex of sheaves consisting of fields in E̊ satisfying the boundary condition L . This is
a subcomplex of E̊ by Condition 4 in Definition 4.2.2.

Definition 4.2.9. Let (E , L ) be amenable to doubling. The sheaf of ultra-conditioned
fields is the following graded sheaf; for an open U with U ∩ ∂M = ∅, E

L̂
(U) = E̊ . If

U ∩ ∂M 6= ∅, for e ∈ E̊ (U), write e = λL + µL dt + λL ′ + µL ′dt near the boundary, and
set

E
L̂
(U) :=

{
e ∈ E̊ (U)

∣∣∣∣dnλL

dtn (0) =
dmµL

dtm (0) =
dmλL ′

dtm (0) =
dnµL ′

dtn (0) = 0, n odd, m even
}

.

(4.2.8)
E

L̂
is a subsheaf of E̊L .

Lemma 4.2.10. E
L̂

is a subcomplex of E̊L .

Proof. A straightforward computation, using the fact that Q∂ preserves both L and L ′.

The following proposition is a slight generalization of Section A.1 of [CMR18]. In
the language of that reference, E

L̂
is the space of fields whose E1 component is ultra-

Neumann and whose E2 component is ultra-Dirichlet.

Proposition 4.2.11. The inclusion I : E
L̂
→ E̊L is a quasi-isomorphism of complexes of

sheaves.

Remark 4.2.12: Recall that we have `1 = Q + `cross, and we are intending to treat the term
`cross as an interaction term. Hence E̊L should be thought of as the space of fields of the
underlying free theory of our bulk-boundary system. On the other hand, the complex E

L̂
represents fields satisfying a much stronger boundary condition than the one included in
E̊L . Proposition 4.2.11 shows that, at least for the underlying free theory, imposing the
extra boundary conditions on our fields does not change the space of classical solutions.

♦

Proof. Let U be an open subset of M; we may assume U∩ ∂M 6= ∅, for otherwise E
L̂
(U) =

E̊L (U). We assume further that U is of the form U′ × [0,ε), where U′ is open in ∂M.
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Consider the degree –1 map h(U) : E̊L (U)→ E̊L (U) given by

h(U)(e)(t) = (−1)|µL |
∫ t

0
µL (s)ds + (−1)|µL ′ |

∫ t

0
µL ′(s)ds, (4.2.9)

where we are using the notation of Definition 4.2.9. Note that h(U) preserves E
L̂
(U). Let

us write Q∂ = QL + QL ′ (where QL preserves L and QL ′ preserves L ′), and note that

(Qh(U) + h(U)Q)(e)(t) = µL (t) +µL ′(t) (4.2.10)

+ (−1)|µL |
∫ t

0
QLµL (s)ds + (−1)|µL ′ |

∫ t

0
QL ′µL ′(s)ds

(4.2.11)

+ (−1)|µL |+1
∫ t

0
QLµL (s)ds + (−1)|µL ′ |+1

∫ t

0
QL ′µL ′(s)ds

(4.2.12)

+ λL (t)− λL (0) + λL ′(t)− λL ′(0) (4.2.13)
= e(t)− ρ(e); (4.2.14)

therefore, if one defines P(U) : E̊L → E
L̂

to be P(U)(e)(t) = ρ(e), one finds that P(U)
and I(U) are mutually inverse homotopy equivalences, with h(U) as the witnessing ho-
motopy between both I(U)P(U) and P(U)I(U) and their respective identity maps. We
have therefore shown that, for each point x ∈ M and each open V ⊂ M containing x, we
can find an open subset U ⊂ V ⊂ M containing x on which I(U) is a quasi-isomorphism.
Hence, I is a quasi-isomorphism of sheaves.

We reiterate that one should only understand Proposition 4.2.11 as a statement about
the underlying free theories encoded in E

L̂
and E̊L , and not as a statement about the full

interacting theory whose free part is E̊L . The following example shows that the brackets
on E̊L do not restrict along the inclusion E

L̂
⊂ E̊L .

Example 4.2.13: Consider one-dimensional BF theory on M = [0, 1), with space of fields
Ω•M ⊗ g[1] ⊕Ω•M ⊗ g∨[−1] and boundary space of fields E∂ = g[1] ⊕ g∨[−1]. Choose
L = g∨[−1] and L ′ = g[1]. This theory is amenable to doubling, and E̊L = EL . Given
f1, f2 ∈ C∞

M ⊗ g satisfying the conditions to lie in E
L̂

(i.e. all even derivatives of f1 and
f2 are zero at t = 0), then [ f1, f2] does not necessarily satisfy these conditions, since the
second derivative of [ f1, f2] at t = 0 has a term which is the bracket of the first derivatives
of f1 and f2 at t = 0. ♦

In light of the previous example, we note that, in general, E
L̂

cannot be readily made
to contain information about the interacting bulk-boundary system (E , L ). However,
since the propagators and heat kernels of Costello are derived from the underlying free
theory of an interacting theory, we will be able to use E

L̂
to extract the necessary ingre-

dients in the definition of a quantum bulk-boundary system.
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Now, we are in a position to explain the doubling procedure a bit better. Let T denote
a tubular neighborhood of the boundary ∂M, and fix a diffeomorphism T ∼= ∂M× [0,ε).
We let, as above, MDBL denote the manifold without boundary obtained by gluing two
copies of M along ∂M. More precisely, MDBL is covered by three open sets: two copies of
M̊ and one copy of ∂M× (−ε,ε). The three open sets are glued together via the following
pair of maps:

f1, f2 : T\∂M ∼= ∂M× (0,ε)→ ∂M× (−ε,ε) (4.2.15)
f1(x, t) = (x, t) (4.2.16)
f2(x, t) = (x,−t). (4.2.17)

We will call the copy of M̊ glued to ∂M× (−ε,ε) via f1 the positive half-manifold; sim-
ilarly, we call the copy glued via f2 the negative half-manifold. Similarly, we can de-
fine the non-negative and non-positive half-manifolds. There is a natural involution of
MDBL which exchanges the positive and negative half-manifolds and fixes M∂ ⊂ MDBL.

Now, we proceed to double E to form a bundle EDBL → MDBL. Over both the positive
and negative half-manifolds, we set EDBL = E |M\∂M. Over ∂M× (−ε,ε), we set

EDBL = E∂ �Λ•(T∗(−ε,ε)). (4.2.18)

Let Γ be the involution on E∂ which is the identity on L and minus the identity on L′.
The transition function covering f1 is the isomorphism φ : E |T ∼= E∂ � (Λ•T∗(0,ε)).
The transition function for EDBL covering f2 is the map (Γ ⊗ τ∗) ◦φ, where τ is the map
(−ε, 0)→ (0,ε) given by τ(t) = −t.

Further, there is a natural bundle isomorphism

σE : EDBL → σ∗EDBL (4.2.19)

covering the natural involution σ on MDBL. Over each copy of M\∂M, the involution
on MDBL simply exchanges the two copies and the bundle map covering this map is the
identity on E |M\∂M. Over ∂M × (−ε,ε), the involution on MDBL takes t 7→ −t, and
σE |∂M×(−ε,ε) is simply Γ ⊗ τ∗, where we extend τ to an automorphism of (−ε,ε).

Example 4.2.14: Consider BF theory on an oriented manifold M. Let L = Ω•
∂M ⊗ g[1] and

L ′ = Ω•
∂M ⊗ g∨[n− 2]. One readily sees that MDBL coincides with the oriented smooth

manifold obtained by the usual doubling procedure, and σ corresponds to the natural
orientation-reversing diffeomorphism. One may also identify

EDBL
∼= Ω•MDBL

⊗ g[1]⊕Ω•MDBL
⊗ g∨[n− 2]; (4.2.20)

howeverσ extends to EDBL asσ∗ on the first summand and−σ∗ on the second summand.
♦
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Lemma 4.2.15. The differential Q on E̊ extends naturally to aσE-equivariant one on EDBL.
Likewise, the pairing 〈·, ·〉loc extends to a σE-equivariant pairing 〈·, ·〉loc,DBL on EDBL, and
Q is skew-self-adjoint for the pairing 〈·, ·〉DBL induced from 〈·, ·〉loc,DBL.

Proof. It is enough to check these facts locally. For Q this fact follows from the fact that
along the normal direction, ddR is diffeomorphism invariant and the fact that Q∂ pre-
serves L and L ′. We extend 〈·, ·〉loc to EDBL as follows: over the positive half-manifold,
EDBL = E and DensMDBL = DensM. So, we extend 〈·, ·〉loc in the obvious way, i.e.
set 〈·, ·〉loc,DBL = 〈·, ·〉loc. Over the negative half-manifold, we do the opposite: we set
〈·, ·〉loc,DBL = − 〈·, ·〉loc. This negative sign accounts for the fact that we identify the copy
of T in the negative half-manifold with ∂M × (−ε, 0] ⊂ ∂M × (−ε,ε). If the reader re-
mains befuddled by this minus sign, note that in the context of Example 4.2.14, the nega-
tive half-manifold is given the opposite orientation to M, so we must make the opposite
identification of top forms and densities over the negative half-manifold. Finally, over
∂M× (−ε,ε), we set 〈·, ·〉loc,DBL to be of the form described in the very last axiom listed in
Definition 2.2.1. The remaining checks, for example that 〈·, ·〉loc,DBL indeed gives a bundle
map, are routine.

The next Lemma relates the ultra-boundary conditions discussed in Definition 4.2.9 to
σE-invariance in EDBL.

Lemma 4.2.16. For any open subset U ⊂ M, let UDBL denote the open subset in MDBL
obtained by doubling U. Then, the cochain complex E

L̂
(U) is isomorphic (as a complex

of differentiable vector spaces) to the cochain complex of invariants (EDBL(UDBL), Q)σE .

Proof. First, we show that there is an isomorphism of Z-graded topological vector spaces.
To this end, let us state an elementary fact that differs from the case at hand only cos-
metically. Define Ĉ∞(R≥0) to be the space of functions on R≥0 whose odd derivatives
vanish at t = 0. This space acquires a topology as a closed subset of C∞(R≥0). Let C∞

ev (R)
denote the closed subspace of C∞(R) consisting of functions which are even under the
interchange x 7→ −x. Then, there is a natural isomorphism of topological vector spaces

Ĉ∞(R≥0) ∼= C∞
ev (R). (4.2.21)

Given an even function on R, one simply restricts to R≥0 and finds that the resulting
function has the required vanishing of derivatives. On the other hand, one may check
that the natural even extension of a function in Ĉ∞(R≥0) to R is smooth at t = 0. There
is a similar statement involving even derivatives at t = 0 and odd functions on R. As
we have stated, this example differs from the desired statement only cosmetically. Hence,
we have constructed an isomorphism of Z-graded topological vector spaces as in the
statement of the lemma.

We need further to show that this isomorphism respects the differentials on both com-
plexes, but this follows directly from the description of the isomorphism.
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Remark 4.2.17: In fact, it easy to show that U 7→ (EDBL(UDBL), Q)σE is a complex of sheaves
on M, and the above Lemma establishes an isomorphism of complexes of sheaves on
M. ♦

Lemma 4.2.16, together with Lemma 4.2.11, is the main justification for studying the
ultra-conditioned fields: they allow us to replace computations on M–a manifold with
boundary–withσ-invariant computations on MDBL. We will use this to produce the para-
metrices we will use for renormalization in Section 4.3.

Before we move on, we note that the doubling construction applies equally well to A
and B (cf. 4.2.2), producing bundles ADBL, BDBL satisfying EDBL

∼= ADBL ⊕ BDBL.

4.3 Regularized Heat Kernels and Propagators
In this section, we use the doubling trick to obtain regularized BV Laplacians and propa-
gators suitable for studying bulk-boundary systems. As we have remarked, the doubling
trick allows one to replace M with MDBL, where we will be able to leverage the full theory
of elliptic complexes and elliptic operators. We will then symmetrize these constructions
with respect toσ and restrict to the non-negative half-manifold to obtain heat kernels and
propagators relevant to our boundary value problem.

In this section, let us reiterate that we have fixed a tubular neighborhood T of ∂M in
M and a diffeomorphism T ∼= ∂M× [0,ε), and we require E ∼= E∂⊗̂βΩ•[0,ε) over T.

Gauge fixings and the doubling trick

Definition 4.3.1. Let E be a TNBFT. A gauge-fixing for E is a degree –1 operator QGF

such that

1. [Q, QGF] is a generalized Laplacian in the sense of Definition 2.2 [BGV92].

2. (QGF)2 = 0.

3. QGF is self-adjoint for the pairing 〈·, ·〉 when acting on fields which are zero over
∂M.

Definition 4.3.2. A gauge-fixing is amenable to the doubling trick if, over T, QGF is of
the form QGF

∂
+ ι∂/∂t

∂

∂t , where [QGF
∂

, Q∂] is a generalized Laplacian on ∂M. We require
that QGF

∂
preserve L and L ′, and that QGF preserve A , B.

Note that it follows from the definition that the metric on M determined by the gener-
alized Laplacian [Q, QGF] is cylindrical near the boundary, i.e. is of the form g = g∂ + dt2,
when QGF is amenable to doubling.

The following lemma is proved by the same straightforward computations as Lemma
4.2.15.
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Lemma 4.3.3. If QGF is amenable to the doubling trick, then QGF extends to an operator
on EDBL and QGF commutes with σE.

Let us recall a major motivation for the introduction of the operator QGF in the case
that M is closed. In this case, if (E , Q) is an elliptic complex, one may choose metrics on E
and M, and form the formal adjoint Q∗ to Q. Then, the commutator [Q, Q∗] is an elliptic
operator on E , and one has an identification H•(E , Q) ∼= ker[Q, Q∗]. This method for
studying the cohomology of elliptic complexes on closed manifolds is known as formal
Hodge theory [Wel08]. In other words, we have reduced the problem of computing the
cohomology H•(E , Q) from that of the computation of a subquotient to that of identifying
a particular subspace of E . In any case, the operator [Q, Q∗] contains all the information
of the cohomology of E , and further, one may apply the well-developed machinery of
elliptic operators to it.

Now, let us return to the situation in which ∂M 6= ∅, and let (E , L , QGF) be amenable
to the doubling trick. We are interested in the cohomology of the complex E̊L . We have
seen that, to this end, we may replace E̊L with E

L̂
. In turn, (E

L̂
, Q) may be identi-

fied with the complex (EDBL, Q)σE . When M is compact, and under certain additional
assumptions, we saw in the previous paragraph that the kernel of the operator [Q, QGF]
(acting on EDBL) computes the cohomology of (EDBL, Q); the next lemma shows that an
analogous statement is true for σ invariants as well.

Lemma 4.3.4. Let (E , L , QGF) be a theory and a gauge-fixing which are amenable to the
doubling trick, and suppose that M is compact. Assume further that QGF is the formal
adjoint of Q with respect to some metric on EDBL (for which σ is an isometry) and the
metric on MDBL induced from [Q, QGF]. Then,

H•E̊L (M) ∼= (H•EDBL(MDBL))
σE ∼= (ker[Q, QGF])σE , (4.3.1)

so that the σE-invariant elements of the kernel of [Q, QGF] compute the cohomology of
E̊L (M).

Proof. The first isomorphism arises from Proposition 4.2.11, Lemma 4.2.16, and the fact
that takingσ-invariants is an exact functor. For the second isomorphism, note that Hodge
theory gives an isomorphism

H•EDBL(MDBL) ∼= ker[Q, QGF]. (4.3.2)

Let [e] ∈ H•(EDBL(MDBL)
σE) ∼= H•(EDBL(MDBL)

σE), i.e. Qe = 0 and σEe = e. Let eharm
be a harmonic representative of [e], i.e. e = eharm + Qe′. Here, eharm and Qe′ are unique.
Now,

σEe = σEeharm +σEQe′ (4.3.3)

= σEeharm + QσEe′ (4.3.4)

= eharm + Qe′, (4.3.5)
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where in the second equality we have used the fact thatσ and Q commute and in the third
equality we have used σe = e. The section σeharm is still harmonic because σ commutes
with Q and QGF. It follows that eharm = σeharm; hence, the map [e] 7→ eharm takes σ-
invariants to σ-invariants. The inverse map ker[Q, QGF] → H•(EDBL(MDBL)) manifestly
sends invariants to invariants, so that we have established the second isomorphism of the
Lemma.

Topological Mechanics: an Extended Example

Consider topological mechanics (Example 2.2.10) on M = [0, 1]. For this theory, E =
Ω•[0,1] ⊗ V, where V is a symplectic vector space. Choose two Lagrangians L1, L2 ⊂ V
and vector space complements L′1, L′2. Since E∂ = V ⊕ (−V), L := L1 ⊕ L2 is a boundary
condition, and L′1 ⊕ L′2 is a complement for L1 ⊕ L2.

Because `1,∂ = 0 manifestly preserves L and L′, we may verify that (E , L ) is amenable
to doubling by taking A = 0, B = E (cf. Example 4.2.5). It follows that (E , Q) = (EL , `1).
Moreover, it is straightforward to compute that H0EL (M) ∼= L1 ∩ L2 and H1EL (M) ∼=
V/(L1 + L2). (Note that H•EL (M) has a canonical (−1)-shifted symplectic pairing.)

Now, use the standard Euclidean metric to define the degree –1 operator δ = i∂/∂t
d
dt .

This operator is manifestly amenable to doubling. The operator H := ddRδ + δddR is
identically the operator d2/dt2 on E .

Let us turn to the study of MDBL and EDBL. MDBL is easily seen to be a circle of
circumference 2. We write MDBL = R/2Z. Thenσ can be identified with the map induced
from the orientation-reversing automorphism t 7→ −t of R. Let Möb → S1 denote the
Möbius bundle on S1. One may check that

EDBL
∼= (Λ•(T∗S1))⊗Möb⊗ (L′1 ∩ L2 ⊕ L1 ∩ L′2) (4.3.6)

⊕ (Λ•(T∗S1))⊗ (L1 ∩ L2 ⊕ L′1 ∩ L′2).

The differential Q on the first summand of EDBL is the natural one induced on Ω•S1(Möb)
from the flat connection on the Möbius bundle; on the second summand, Q is simply
the de Rham differential. The formula i∂/∂t

d
dt is well-defined on Ω•S1(Möb) (as well as on

Ω•S1), and coincides with the extension of QGF from E to EDBL. The operator [Q, QGF] can

be written simply d2

dt2 , i.e. there is no ambiguity in writing this operator even on sections
of the Möbius bundle.

On sections in EDBL, σE acts as follows. Let us identify the space of global sections of
Möb with the space of smooth functions f on R satisfying

f (t) = − f (t + 2) (4.3.7)

for all t. Consider the involution σ0 of C∞(S1, Möb) given by f (t) 7→ f (2 − t). The
involution σ0 preserves the flat connection on Möb; hence it extends to an involution of
Ω•(S1; Möb). Letσ∗ denote the involution of Ω•(S1) induced by pullback alongσ : S1 →
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S1. Then, using the ordering of the summands in EDBL as in Equation (4.3.6), we find that
σE acts on EDBL as

−σ0 ⊕σ0 ⊕σ∗ ⊕−σ∗ (4.3.8)

It follows directly from our discussions that the kernel of [Q, QGF] is

1⊗R[dt]⊗ (L1 ∩ L2 ⊕ L′1 ∩ L′2). (4.3.9)

Finally, the σE-invariants in this space are

1⊗ L1 ∩ L2 ⊕ dt⊗ L′1 ∩ L′2. (4.3.10)

Using the identification L′1 ∩ L′2 ∼= V/(L1 + L2), we find that our answer for

(ker[Q, QGF])σE (4.3.11)

agrees with the computation of H•(EL (M), `1) we performed earlier.

Finding a parametrix for the Laplacian

Having established the utility of the class of gauge fixings which are amenable to the
doubling trick, let us turn to a discussion of parametrices, which will be an essential tool
for the construction of quantum bulk-boundary systems. Throughout this subsection, we
will assume (E , L ) is amenable to doubling, and QGF is a gauge fixing which is amenable
to doubling. We will also liberally use the identification EDBL

∼= E!
DBL[−1] afforded to us

by the existence of 〈·, ·〉loc,DBL. Finally, we will use simply the symbol σ in place of σE,
since there will be no need to use the involution of MDBL in this section.

Definition 4.3.5. A σ-invariant parametrix for the operator H := [Q, QGF] is a distribu-
tional section

Φ ∈ EDBL⊗̂πEDBL (4.3.12)

of the bundle EDBL � EDBL over MDBL ×MDBL with the following properties:

1. Φ is symmetric under the natural Z/2 action exchanging the two factors of the ten-
sor product.

2. Φ is of cohomological degree +1.

3. Φ has proper support, i.e. the projection maps supp(Φ) ⊂ M2 → M are both
proper.

4. Let TΦ denote the induced operator EDBL,c → EDBL. We require that the operator

HTΦ − (σ + 1) (4.3.13)

have a representation as convolution with a smooth section of E� E.
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5. The relation
(1⊗σ)Φ = Φ (4.3.14)

holds, whereσ is the involution on distributional sections induced in the usual way
from the action ofσ on smooth sections. (Together with condition (1), this condition
also implies (σ ⊗ 1)Φ = Φ.)

6. With respect to the decomposition EDBL
∼= ADBL⊕ BDBL, we require that Φ have no

component in ADBL � ADBL.

A non-invariant parametrix (see Definition 8.2.4.2 of [CG]) satisfies conditions (1)-(3) of
the above definition, along with condition (4) with the identity operator in place of (σ +
1).

Remark 4.3.6: In the sequel, we will often use the terms “parametrix” and “σ-invariant
parametrix” interchangeably. If we mean specifically a non-invariant parametrix, we will
always use that term. ♦

Remark 4.3.7: Condition (6) in Definition 4.3.5 is a technical condition that will allow us to
treat the term in the action induced from `cross as an interaction term. ♦

Lemma 4.3.8. If Ψ is a non-invariant parametrix which satisfies condition (6) in Definition
4.3.5, then

Ψσ :=
1
2
(1⊗ 1 + 1⊗σ +σ ⊗ 1 +σ ⊗σ)Ψ (4.3.15)

is a σ-invariant parametrix.

Proof. Conditions (1)-(3) and (5) are immediate. For condition (4), we note that H com-
mutes with σ , and E

L̂
(M) ∼= EDBL(MDBL)

σ . Let us write TΨ for the operator induced
from Ψ. Then, given e ∈ EDBL(MDBL),

HTΨσ e− (e +σe) =
1
2
(HTΨe + HTΨσe +σHTΨe +σHTΨσe)− e +σe (4.3.16)

∼ 1
2
(e +σe +σe + e)− (e +σe) = 0. (4.3.17)

where the symbol “∼” means “differs only by smoothing operators from”. Finally, we
note that since σ preserves the decomposition EDBL

∼= ADBL ⊕ BDBL, Ψσ satisfies condi-
tion (6) if Ψ does.

Corollary. σ-invariant parametrices exist.

Proof. It is a standard fact of elliptic theory (cf. Theorem IV.4.4 of [Wel08]) that non-
invariant parametrices exist. We need to show that a non-invariant parametrix satisfying
condition (6) in Definition 4.3.5 exists. To see this, note that H = [Q, QGF] respects the
decomposition EDBL

∼= ADBL ⊕BDBL. We can therefore find non-invariant parametrices
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ΦA, ΦB for H on ADBL and BDBL separately. The standard theory presents ΦA as a dis-
tributional section of A� A!, and similarly for ΦB. We would like, however, to use the
pairing 〈·, ·〉loc to identify E with E!, and therefore ΦA and ΦB with distributional sections
of E� E. Under this identification, A! is identified with a subbundle of B (since A pairs
trivially with itself). Hence, none of ΦA, ΦB has a non-zero component in A� A.

Example 4.3.9: Let us consider topological mechanics again, but with M = [0, ∞). We let
V be a symplectic vector space, L a Lagrangian in V, and L′ a Lagrangian complement to
L. In this example, A = 0, and B = Λ•(T∗M)⊗ V. Then, MDBL = R, EDBL = Ω•R ⊗ V,
σ = τ∗ ⊗ Γ . If we set QGF = i∂/∂t

∂

∂t , then H = d2

dt2 . A non-invariant parametrix for H is
given by

Φ0 :=
1
2

F(t, s)|t− s|(dt− ds)⊗ω−1, (4.3.18)

where F is a symmetric function of s and t which has proper support and is 1 in a neigh-
borhood of the diagonal in MDBL ×MDBL

∼= R2. We also require that F(t, s) = F(−t,−s).
For example, we may choose a compactly-supported, even function f0 on R which is
identically 1 in a neighborhood of 0, and let F(t, s) = f0(t− s)

We compute

(σ ⊗ 1)Φ0 =
−1
2

F(−t, s)|t + s|
(
(ds + dt)⊗ ((Γ ⊗ 1)ω−1)

)
(4.3.19)

(1⊗σ)Φ0 =
1
2

F(t,−s)|t + s|
(
(dt + ds)⊗ ((1⊗ Γ)ω−1)

)
(4.3.20)

(σ ⊗σ)Φ0 = −1
2

F(t, s)|t− s|
(
(dt− ds)⊗ ((Γ ⊗ Γ)ω−1)

)
. (4.3.21)

(4.3.22)

Note that
ω−1 ∈ L⊗ L′ ⊕ L′ ⊗ L, (4.3.23)

so that (Γ ⊗ Γ)ω−1 = −ω−1, and (σ ⊗σ)Φ0 = Φ0. Similarly, one finds that (σ ⊗ 1)Φ0 =
(1⊗σ)Φ0. If we writeω−1 = ω−1

LL′ +ω
−1
L′L to denote the decomposition ofω−1 given by

Equation 4.3.23, then we find that

Φσ0 =
1
2

F(t, s)|t− s|
(
(dt− ds)⊗ω−1

)
− 1

2
F(−t, s)|t + s|

(
(dt + ds)⊗ (ω−1

LL′ −ω
−1
L′L)

)
(4.3.24)

is a σ-invariant parametrix. ♦

The following is a slight modification of Lemma 8.2.4.3 of [CG]:

Lemma 4.3.10. σ-invariant parametrices possess the following properties:
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1. The difference of two σ-invariant parametrices Φ, Ψ is a smooth section of EDBL �
EDBL over MDBL ×MDBL.

2. Aσ-invariant parametrix Φ is smooth away from the diagonal and the anti-diagonal
in MDBL ×MDBL, i.e. Φ is smooth away from the locus of points of the form (x, x)
and (x,σx).

3. Given a σ-invariant parametrix Φ, (Q⊗ 1 + 1⊗Q)Φ is a smooth section of EDBL �
EDBL over MDBL ×MDBL.

Proof. 1. (H⊗ 1+ 1⊗H)(Φ−Ψ) is smooth, and H⊗ 1+ 1⊗H is a generalized Lapla-
cian on E ⊗ E , so is elliptic. Φ− Ψ is therefore smooth by elliptic regularity.

2. (H ⊗ 1 + 1⊗ H)Φ is smooth away from this locus, so the result follows by elliptic
regularity.

3. The proof of this statement is nearly identical to the corresponding proof in [CG],
except we use also that Q commutes with σ .

Now, we define

P(Φ) :=
1
2
(QGF ⊗ 1 + 1⊗QGF)Φ ∈ EDBL(MDBL)⊗̂πEDBL(MDBL), (4.3.25)

and

KΦ := K(σ+1) − (Q⊗ 1 + 1⊗Q)P(Φ) ∈ EDBL(MDBL)⊗̂πEDBL(MDBL). (4.3.26)

Definition 4.3.11. The distribution P(Φ) defined in Equation (4.3.25) is the propagator
for Φ. The distribution KΦ defined in Equation (4.3.26) is the BV heat kernel for Φ.

Now, we show that the BV heat kernel for Φ is actually a smooth section of EDBL �
EDBL over MDBL ×MDBL. Note that

(Q⊗ 1 + 1⊗Q)P(Φ) =
1
2
(Q⊗ 1 + 1⊗Q)(QGF ⊗ 1 + 1⊗QGF)Φ (4.3.27)

=
1
2
(H ⊗ 1 + 1⊗ H)Φ (4.3.28)

− 1
2

(
QGFQ⊗ 1 + 1⊗QGFQ−Q⊗QGF + QGF ⊗Q

)
Φ (4.3.29)

=
1
2
(H ⊗ 1 + 1⊗ H)Φ (4.3.30)

− 1
2

(
(QGF ⊗ 1)(Q⊗ 1 + 1⊗Q) + (1⊗QGF)(Q⊗ 1 + 1⊗Q)

)
Φ

= K(σ+1) + smooth kernels, (4.3.31)

where the last equality comes from Item 3 in Lemma 4.3.10. As a consequence, we have
the first statement of the following lemma:
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Lemma 4.3.12. The following facts about the BV heat kernel and the propagator hold:

1. The kernel KΦ is a smooth section of EDBL � EDBL over MDBL ×MDBL.

2. One has the equation

KΦ − KΨ = (Q⊗ 1 + 1⊗Q)(P(Ψ)− P(Φ)), (4.3.32)

relating the BV heat kernel to the propagator.

3. One has the identity
(Q⊗ 1 + 1⊗Q)KΦ = 0 (4.3.33)

concerning the Q-closedness of the BV heat kernel.

4. As smooth sections of EDBL × EDBL over MDBL ×MDBL, both KΦ and P(Φ)− P(Ψ)
are separately σ-invariant in both arguments. In particular, upon restriction to the
non-negative half-manifold, the kernels (P(Φ)− P(Ψ)), KΦ can be seen as elements
of the tensor square of the (underlying graded) space of fields EL .

Proof. The first statement has already been proved. The second statement is immediate
from the definition of KΦ, and the third statement follows from the fact that (Q⊗ 1 + 1⊗
Q)K(σ+1)/2 = 0, which we have already used. For the final statement, note that

(σ ⊗ 1)(P(Φ)− P(Ψ)) = (QGF ⊗ 1 + 1⊗QGF)(σ ⊗ 1)(Φ− Ψ) = P(Φ)− P(Ψ) (4.3.34)
(σ ⊗ 1)KΦ = K(σ2+σ) − (σ ⊗ 1)(Q⊗ 1 + 1⊗Q)P(Φ) = KΦ, (4.3.35)

where we have made ample use of the fact that σ commutes with Q and QGF; the corre-
sponding statements for (1⊗σ) are similar.

Lemma 4.3.12 specifies a number of very important properties of the propagators
P(Φ) and heat kernels KΦ, properties which we will use repeatedly in the sequel.

Parametrices in Topological Mechanics

In this subsection, we demonstrate the above-described properties of parametrices, prop-
agators, and heat kernels for the case of topological mechanics.

Let us start with the parametrix Φσ0 described in Equation (4.3.24). We find that

P(Φσ0 ) =
1
2

((
∂F
∂t

(t, s)− ∂F
∂s

(t− s)
)
|t− s|+F(t, s) sgn(t− s)

)
⊗ω−1

−1
2

((
−∂F

∂t
(−t, s) +

∂F
∂s

(−t, s)
)
|t + s|+F(−t, s) sgn(t + s)

)
⊗ (ω−1

LL′ −ω
−1
L′L).

(4.3.36)
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Let

G(t, s) = |t− s|
(

∂F
∂t
− ∂F

∂s

)
(t, s). (4.3.37)

Note that, because F is identically one in a neighborhood of the diagonal in R2, all its
derivatives are zero near the diagonal. Hence, G is zero in a neighborhood of the diagonal,
and therefore smooth on R2. Equation (4.3.36) then can be written

P(Φσ0 ) =
1
2
(G(t, s) + F(t, s) sgn(t− s))⊗ω−1

−1
2
(−G(−t, s) + F(−t, s) sgn(t + s))⊗ (ω−1

LL′ −ω
−1
L′L). (4.3.38)

Let
G̃(t, s) = −G(−t, s), F̃(t, s) = F(−t, s) (4.3.39)

It follows that

(Q⊗ 1 + 1⊗Q)P(Φσ0 ) =
1
2
(dG + dF sgn(t− s) + 2FKid)⊗ω−1

− 1
2
(dG̃ + dF̃ sgn(t + s)− 2F̃Kτ∗)⊗ (ω−1

LL′ −ω
−1
L′L). (4.3.40)

Here, τ is, as above, the involution of R taking t to −t. As before, we find that dF sgn(t−
s) and dF̃ sgn(t + s) are smooth. Moreover, because F is one on a neighborhood of the
diagonal and Kid has support on the diagonal FKid = Kid, and similarly, F̃Kτ∗ = Kτ∗ .
Hence, we find that

KΦσσ =
1
2
(dG + dF sgn(t− s))⊗ω−1

− 1
2
(dG̃ + dF̃ sgn(t + s))⊗ (ω−1

LL′ −ω
−1
L′L) (4.3.41)

is indeed smooth. It is straightforward to verify, using the fact that dF is zero near the
diagonal and dF̃ is zero near the anti-diagonal, that KΦσ0

is closed for Q.
Finally, let us verify that KΦσ0

is σ-invariant in both arguments. Note that

G̃ = −(τ∗ ⊗ 1)G = (1⊗ τ∗)G (4.3.42)

and
F̃ = (τ∗ ⊗ 1)F = (1⊗ τ∗)F. (4.3.43)

We will also use the fact that d–the de Rham differential on R2–commutes individually
with τ∗ acting in the t and s variables. Hence,

(σ ⊗ 1)KΦσ0
=

1
2
(−dG̃− dF̃ sgn(t + s))⊗ (ω−1

LL′ −ω
−1
L′L) (4.3.44)

+
1
2
(dG + dF sgn(t− s))⊗ω−1 = KΦσ0

. (4.3.45)

The check for 1⊗σ is similar.
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4.4 Definition of Quantum Bulk-Boundary Systems
In this section, we define quantum bulk-boundary systems. As mentioned in the Intro-
duction of this Chapter and in the Introduction of the dissertation, we need to address
three aspects: the RG equation (Section 4.4, the QME (Section 4.4), and asymptotic locality
(Section 4.4). First, however, we discuss more precisely the sorts of interaction functionals
we will use in our definition.

Spaces of Functionals

In this section, we introduce the various classes of functionals we will consider in our
definition of a bulk-boundary system. Since we have primarily used the language of local
L∞ algebras to describe classical field theories, let us comment briefly on the switch from
L∞ algebras to local functionals. Recall that a classical TNBFT comes equipped with the
information of a collection {`1, `2, · · ·} of brackets, and with a pairing

〈·, ·〉 : (EL ,c(M))⊗̂β2 → R. (4.4.1)

For a classical bulk-boundary system, we may therefore form the action functional

S(ϕ) =
1
2
〈ϕ, `1ϕ〉+

∞
∑
k=2

1
(k + 1)!

〈ϕ, `kϕ〉

=
1
2
〈ϕ, Qϕ〉+ 1

2
〈ϕ, `crossϕ〉+

∞
∑
k=2

1
(k + 1)!

〈ϕ, `kϕ〉 , (4.4.2)

which in mathematical terms is a continuous (non-linear) function

EL ,c → R. (4.4.3)

We make the definitions

Sfree(ϕ) :=
1
2
〈ϕ, Qϕ〉 (4.4.4)

I(ϕ) :=
1
2
〈ϕ, `crossϕ〉+

∞
∑
k=2

1
(k + 1)!

〈ϕ, `kϕ〉 . (4.4.5)

We will call Sfree the free part of the action and I the interaction. We will define a quan-
tum bulk-boundary system (with underlying free part Sfree) to be a collection of inter-
action functionals I[Φ], one for each parametrix Φ, satisfying some properties we have
already foreshadowed. The I[Φ] are to be understood as the (ill-defined) result of the
integration of eI/h̄ over all fields of “energy” higher than Φ. In this section, we will de-
scribe a space of functionals which we would expect to contain the I[Φ] if the procedure
of integrating out the high-energy modes were well-defined.
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In the sequel, it will be useful to us to use the language of bornological and convenient
vector spaces. We refer the reader to Appendix B of [CG17] for detailed definitions and
properties of the categories BVS and CVS. We only note here that both categories are
closed symmetric monoidal, with symmetric monoidal products⊗β and ⊗̂β, respectively.

Definition 4.4.1. We make the following definitions regarding functionals on the space
EL .

• By a functional on the L -conditioned fields, we mean an element I belonging to
the convenient vector space

O(EL ,c) :=
∞
∏
k=0

HomCVS((EL ,c(M))⊗̂βk,R)Sk/R. (4.4.6)

(Note that we quotient out by the space corresponding to k = 0 in the product.)

• Given a functional I ∈ O(EL ,c), we let Ik denote its component in the k-th factor of
the product in Equation 4.4.6. We call Ik the order k component of I. Similarly, if a
functional I has a non-zero component only in the k-th factor of the product, we say
that I has order k.

• Recall that the k-fold completed bornological tensor product (EL ,c(M))⊗̂βk can be
identified with the space of compactly-supported sections of E�k over Mk (a mani-
fold with corners) satisfying a certain boundary condition, cf. the Corollary to The-
orem A.1.4. By the support of an order k functional Ik, we mean the complement of
the union of all open sets U ⊂ Mk such that I(e) = 0 whenever e has support on a
compact subset of U.

• We say that I has proper support if, for each k, the maps supp(Ik) ⊂ Mk → M
induced from the projections Mk → M are all proper. We denote by OP(EL ,c) the
space of all functionals with proper support.

Remark 4.4.2: The methods of the appendix—Theorem A.2.1, in particular—provide a
splitting O(EL ) ↪→ O(E ) of the natural restriction map O(E ) → O(EL ). One can show
that the support of a functional I ∈ O(EL ) coincides with the support of its image under
this splitting. ♦

Given any functional I, we can view (via the closed symmetric monoidal structure of
CVS) each Taylor component Ik as a multilinear map

E
⊗̂β(k−1)
L ,c → HomCVS(EL ,c,R). (4.4.7)

Functionals with proper support are precisely those functionals which arise as the com-
position of the natural map

E
⊗̂β(k−1)
L ,c → E

⊗̂β(k−1)
L (4.4.8)
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with a map

E
⊗̂β(k−1)
L → HomCVS(EL ,c,R). (4.4.9)

In [Cos11], Costello considers additionally functionals with smooth first derivative, which
is to say functionals whose corresponding map as in Equation 4.4.7 has image in E ! (i.e.
in the space of smooth distributions.) He then defines a field theory to be a collection of
functionals with smooth first derivative {I[Φ]}, one for each parametrix Φ. The functionals
are required to satisfy, among other things, the requirement (P1) that their support can be
made to “approach” the diagonal by choosing Φ “small enough.” The functionals with
smooth first derivative and support on the diagonal are precisely the local action func-
tionals; hence, the requirement (P1), together with the requirement that the I[Φ] have
smooth first derivative, constitutes an asymptotic locality condition on the I[Φ].

The case at hand differs from the situation in [Cos11] in several respects. First, local
functionals include also integrals over ∂M of Lagrangian densities. Such functionals do
not have smooth first derivative.

To understand how to address this difficulty, let us define the sheaves

Ẽ ! := Ωn,n−1
M,tw ⊗DM J (E )∨ (4.4.10)

Ẽ !
L :=

(
Ωn,n−1

M,tw ⊗DM J (E )∨
)
/
(
ι∗Ω

n−1
∂M,tw ⊗D∂M J (L ′)∨

)
(4.4.11)

(all notation here is coincident with that of Section 2.3). We may identify the space of
global sections of Ẽ !

L with a subspace of O(EL ). Following the discussion of Section 2.3,
the sheaf Ẽ !

L can be identified with the space of local functionals on EL which are linear
in their input.

Definition 4.4.3. A global section z ∈ Ẽ !
L (M) is called a ∂-smooth distribution. A

functional I of order k has ∂-smooth first derivative if the corresponding map

(EL ,c)
⊗̂β(k−1) → CVS (EL ,c,R) (4.4.12)

has image in Ẽ !
L , the space of ∂-smooth distributions. A functional has smooth first

derivative if the map has image in E !
L ⊂ CVS (EL ,c,R). We will denote by Osm(EL ,c)

the space of functionals with ∂-smooth first derivative. We will denote by OP,sm(EL ,c) the
space of functionals with ∂-smooth first derivative and proper support.

Let us now show that the functionals with ∂-smooth first derivative and support on
the small diagonal M ⊂ Mk are precisely the local action functionals.

Lemma 4.4.4. The set of order k functionals with ∂-smooth first derivative and support
on the small diagonal M ⊂ Mk is precisely the set of order k local action functionals.

Proof. It is straightforward to show that the local functionals have support on the small
diagonal and have ∂-smooth first derivative, using integration by parts (which is encoded
in the DM-module tensor product relations in Equation (4.4.11)).
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Let us show the converse, namely that any order k functional J which has support on
the small diagonal and ∂-smooth first derivative is local.

Recall that the space of local functionals is actually a sheaf on M; similarly, the space
of ∂-smooth functionals is also a sheaf on M. The space of ∂-smooth functionals with
support on the small diagonal is a subsheaf of this space. There is an inclusion of sheaves

Oloc(EL )→ Osm(EL ,c) (4.4.13)

The sheaf of local functionals also possesses a natural C∞
M-module structure induced from

the action of C∞
M on the left on Ωn,n−1

M,tw and on ι∗Ωn−1
∂M,tw. The sheaf Osm(EL ,c) also possesses

a C∞
M structure, induced from the action of C∞

M on the target in Equation (4.4.12), and the
sheaf of ∂-smooth functionals with support on the small diagonal is closed under this
C∞

M action. Hence, all three sheaves under consideration are fine. The map in Equation
(4.4.13) is manifestly a map of C∞

M-modules. It follows from this discussion that it suffices
to check the statement of the Lemma locally on M.

We may therefore assume that E is the trivial bundle and M = Hn.
Suppose that I is a functional with support on the diagonal and ∂-smooth first deriva-

tive. Let us first note that E
⊗̂βk
L ,c is a closed subspace of E ⊗̂βk. Hence, by the Hahn-Banach

theorem, we may extend I to a functional on the E fields. We will use the letter I to de-
note this extension in the sequel. Note that, given x ∈ Hn, ẋ ∈ Rn−1, and m ∈ N there are
continuous evalution maps

evx : Ωn,n−1
M,tw → R (4.4.14)

evẋ,m : Ωn,n−1
M,tw → R; (4.4.15)

they arise from the isomorphism Ωn,n−1
M,tw

∼= DensHn ⊕DensRn−1 [∂t] (cf. Equation (2.3.30)).
We therefore obtain distributions

Ix, Iẋ,m : C∞
c (Hn(k−1))→ R. (4.4.16)

Because I is supported on the diagonal, the distribution Ix (respectively Iy,m) is supported
at the point (x, . . . , x) ∈ Hn(k−1) (respectively (y, . . . , y) ∈ Hn(k−1)). Hence (cf. Theorem
24.6 of [Trè06]; to apply this theorem, we used the fact that I was extended to the E fields),
Ix (respectively, Iy,m) is a finite linear combination of derivatives at (x, . . . , x) (respectively,
(y, . . . , y)). For fixed φ ∈ C∞

c (Hn(k−1)), Ix(φ) must be smooth in x. Hence, we conclude
that, for ψ ∈ C∞

c (Hn),

I(ψ⊗φ) = ∑
I∈Nn

∫
Hn
ψ(x)cI(x)∂Iφ(x, . . . , x)dnx

+ ∑
m∈N,J∈Nn

∫
Rn−1

dJ,m(y)∂Jφ(y, . . . , y)
∂m

(∂xn)m

∣∣∣∣
xn=0

(ψ(y, xn))dn−1y, (4.4.17)
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where each coefficient cI (respectively dJ,m) is smooth on Hn (respectively, Rn−1). Each
summand in the above sums is a local functional, and we know that at each x ∈ Hn

(respectively, y ∈ Rn−1), only finitely many of the cI (respectively, dJ,m) are non-zero. We
know, also that, for every point y ∈ Rn−1 there exists a neighborhood of y throughout
which the dJ,m are zero for all but finitely many m. This is because Ωn,n−1

M,tw contains the
term Ωn−1

M,tw[∂xn ] which allows only for polynomials in ∂/∂xn. The only thing that remains
to be shown is that the same statement is true throughout a neighborhood of each point
x (respectively, y). The morphism of sheaves:

Υ : C∞
Hn → C∞

Hn (4.4.18)

Υ( f )(x) = Ix( f⊗(k−1)) = ∑
I

cI
∂I f⊗(k−1) (4.4.19)

is manifestly regular in the sense of Definition 2.2 of [NS16], i.e. it sends a smooth family
of functions on Hn parametrized by an auxiliary space T to a smooth family of functions
on Hn parametrized by T. It follows by Lemma 2.6 therein that, for every point x ∈ Hn,
there exists a neighborhood of x throughout which all but finitely many of the cI are
zero. By extending the dJ,m into Hn, a similar argument can be used to show the same
fact for the dJ,m at a fixed m ∈ N. Since, as we have already discussed, there exists a
neighborhood of every point y ∈ Rn−1 for which dJ,m = 0 for all but finitely many m, the
Lemma follows.

We define yet another type of functional, whose purpose is to codify which sorts of
quadratic interactions we may allow in our theories.

Definition 4.4.5. We will call a functional I ∈ O(EL ,c) a quadratic perturbation func-
tional if it depends only on A fields and is quadratic in the A fields.

The quadratic interaction

S1(α1,α2) = 〈α1, `crossα2〉 (4.4.20)

is a quadratic perturbation functional. Indeed, α2 must lie in A for the above expression
to be non-zero. Moreover, we have assumed that 〈·, ·〉 is invariant with respect to Q;
furthermore, the same is true for the full differential `1. As a consequence, it follows that
the same is true also for `cross. Hence

S1(α1,α2) = ± 〈`crossα1,α2〉 , (4.4.21)

which is zero unlessα1 ∈ A .
We will denote by O+

P (EL ,c) the space of all functionals in OP(EL ,c)[[h̄]] which are at
least cubic modulo h̄ and a quadratic perturbation functional. In other words, an element
of O+

P (EL ,c) is the sum of a quadratic perturbation functional, an element of OP(EL ,c)
which is at least cubic, and an unconstrained element of h̄OP(EL ,c)[[h̄]]. We establish a
similar notation O+

P,sm(EL ,c) to denote perturbation functionals with proper support and
∂-smooth first derivative.
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Renormalization Group Flow

In this section, we define—for the case at hand—one of the central concepts of the theory
of perturbative renormalization as developed in [Cos11], namely the notion of renormal-
ization group flow. Having defined σ-invariant parametrices in Section 4.3, and shown
that they satisfy (almost) all of the same properties as non-invariant parametrices, we
can essentially proceed exactly as in [Cos11; CG] to define renormalization group flow
for TNBFTs which are amenable to the doubling trick and which have a gauge-fixing
amenable to the doubling trick.

Definition-Lemma 4.4.6. The renormalization group flow from (σ-invariant) parametrix
Φ to (σ-invariant) parametrix Ψ is the operator

W (P(Φ, Ψ), ·) : O+
P (EL ,c)→ O+

P (EL ,c), (4.4.22)

defined by the equation

W (P(Φ, Ψ), I) = h̄ log
(

eh̄∂P(Φ,Ψ)eI/h̄
)

, (4.4.23)

where P(Φ, Ψ) := P(Φ) − P(Ψ) (P(Φ) is defined by Equation 4.3.25). We consider
P(Φ, Ψ) as a section of E� E → M×M which satisfies the boundary condition at both

boundaries ∂M×M and M× ∂M. By Theorem A.1.4, this implies that PΨ
Φ ∈ E

⊗̂β2
L . Fur-

thermore, ∂PΨ
Φ

is the unique order-two differential operator on OP(EL ,c) which is zero on

functionals of order less than 2 and which is contraction with PΨ
Φ on functionals of order

exactly 2. The infinite series which defines this operator is well-defined.

Proof. A priori, our functionals may only take as input compactly-supported sections of E.
The propagator PΨ

Φ is not compactly-supported. However, our functionals are properly-
supported, so as long as we ignore functionals of order 0—as we have been doing—
this issue of support does not appear. (See Lemma 14.5.1 of Chapter 2 of [Cos11] for a
discussion of this issue.)

The algebraic formula defining the renormalization group flow operator W (P(Φ, Ψ), I)
has a combinatorial interpretation as a sum over connected graphs. The graphs may pos-
sess “loose” half-edges, which we call “tails” or “external” edges. Each vertex (sometimes
we will also call the vertices “internal vertices” to match terminology from physics)of the
diagram carries also an integer label called the genus of the vertex. Let the order of a di-
agram be the number of tails, and the genus be the sum of the first Betti number of the
diagram and the genera of its internal vertices. A vertex of valence k and genus g corre-
sponds to a term in I which is of order k and is accompanied by a power h̄g—a diagram
of a fixed genus and order can therefore contain, in principle, vertices of arbitrarily high
valence.

Figure 4.1 depicts the building blocks of the diagrams we are considering, and Figure
4.2 shows a typical diagram one may build out of the building blocks.
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(a) An A half-edge (b) A B half-edge (c) An AB edge (d) A BB edge

(e) The only admissible bivalent vertex
at h̄ = 0. (f) A vertex of higher valency.

Figure 4.1: The various building blocks of our diagrams.

Figure 4.2: A typical diagram. All vertices have genus 0.

We will divide the vertices into two classes. The A class of vertices corresponds to
quadratic perturbation functionals and the B class of vertices corresponds to vertices that
are either at least trivalent or have genus at least 1. A standard argument shows that both
the number of B vertices and the number of half-edges incident on B vertices in a diagram
of a given order and genus is bounded above by a number depending only on the order
and genus of the diagram.

An A vertex can only accept A inputs, so no two A vertices can be connected by an
internal edge (since the parametrices have no components in A� A). Thus, for a given A
vertex, the half-edges incident on the vertex either lead to an external vertex (aka a tail)
or to a B vertex. In a connected diagram G, it is not possible (because of the assumption
of connectivity) for both half-edges of an A vertex to end on a tail unless G consists only
of an A vertex with its tails. Thus, except in this case, each A vertex is connected by an
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internal edge to at least one B vertex. There can therefore be at most as many A vertices
as half-edges incident on B vertices. Thus, the number of vertices which appear in G is
constrained by the genus and order of G. The valence of the B vertices appearing in G
is bounded above because, as we have mentioned at the end of the previous paragraph,
the number of half-edges incident on B vertices has been bounded. Hence, there are only
finitely many G of a given order and genus.

Lemma 4.4.7. Renormalization group flow restricts to an operator

W (P(Φ, Ψ), ·) : O+
P,sm(EL ,c)→ O+

P,sm(EL ,c) (4.4.24)

on the space of functionals with proper support and smooth first derivative which are
cubic modulo h̄ and a quadratic perturbation functional.

Definition 4.4.8. A collection of functionals I[Φ] ∈ O+
P,sm(EL ,c), one for eachσ-invariant

parametrix Φ, satisfies the homotopical renormalization group (HRG) equation if

W (P(Φ, Ψ), I[Φ]) = I[Ψ] (4.4.25)

for all parametrices Φ, Ψ. In other words, the functional for parametrix Ψ is obtained from
the functional for parametrix Φ by the application of the RG flow operator W (P(Φ, Ψ), I).

A quantum bulk-boundary system will be a collection of action functionals {I[Φ]},
one for eachσ-invariant parametrix Φ, satisfying the HRG equation, along with two other
major criteria, which we specify in the next subsubsections.

The Quantum Master Equation

In the case of classical TNBFTs, the classical master equation was an expression of the
gauge-invariance properties of the TNBFT. We would like to introduce a notion of the
analogous equation in the case of the quantum theories. Our approach is identical to that
taken in [Cos11], so we will summarize the story very briefly.

Definition 4.4.9. Let Φ be a parametrix. The scale Φ BV Laplacian is the cohomological
degree +1 operator

∆Φ := ∂KΦ
; (4.4.26)

here, ∂KΦ
is defined analogously to ∂PΨ

Φ
, which was defined in Definition-Lemma 4.4.6.

The following are standard facts concerning the operator ∆Φ.

Lemma 4.4.10. 1. ∆2
Φ = 0;

2. Let Q denote the operator induced on O(EL ,c) from the operator with the same
name on EL . Q∆Φ + ∆ΦQ = 0.
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Definition 4.4.11. The scale Φ BV bracket is the map

OP(EL ,c)×OP(EL ,c)→ OP(EL ,c) (4.4.27)

denoted {·, ·}Φ, and defined by

{I, J}Φ = ∆Φ(I · J)− ∆Φ(I) · J − (−1)|I| I · ∆Φ J. (4.4.28)

We will denote by the same symbol the binary operation on O(EL ,c)[[h̄]] defined by h̄-
linear extension.

Remark 4.4.12: The scale Φ bracket descends to a binary operation on O+
P,sm(EL ,c). ♦

The following is a standard fact concerning the BV Laplacian ∆Φ.

Lemma 4.4.13. The BV Laplacian for scale Φ is a derivation for the BV bracket for scale
Φ.

Definition 4.4.14. The quantum master equation for scale Φ (scale-Φ QME) is the equa-
tion

QI +
1
2
{I, I}Φ + h̄∆Φ I = 0, (4.4.29)

where I ∈ O+
P (EL ,c).

The following Lemma is due, in this form, to Costello [Cos11], and the proof given
there carries over unchanged to the present context.

Lemma 4.4.15. The homotopical RG equation from scale Φ to scale Ψ takes a solution of
the scale-Φ QME to a solution of the scale-Ψ QME.

Lemma 4.4.15 tells us that, given a collection of functionals {I[Φ]}Φ related by the
homotopical RG equation, I[Φ] satisfies the scale-Φ QME if and only if I[Ψ] solves the
scale-Ψ QME. We will demand that a quantum TNBFT be given by a collection of func-
tionals {I[Φ]}Φ related by the homotopical RG equation such that I[Φ] satisfies the scale-
Φ QME for some (and therefore all) Φ. To capture the notion that the quantum TNBFT be
specified by a local action functional, we require one more condition, which we detail in
the next subsubsection.

A First Definition for Quantum Bulk-Boundary Systems

Let us note that the parametrices possess a partial order defined as follows: we say that
Φ ≤ Ψ if supp(Φ) ⊂ supp(Ψ). With this notion in mind, we can finally define what we
mean by a quantum bulk-boundary system:

Definition 4.4.16. A perturbative quantum bulk-boundary system is a collection of
functionals {I[Φ]} (I[Φ] ∈ O+

P,sm(EL ,c)) of cohomological degree 0, one for each parametrix
Φ, satisfying:
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1. The I[Φ] are related by the homotopical renormalization group flow (Definition
4.4.6), i.e.

I[Φ] = W (P(Ψ, Φ), I[Ψ]) (4.4.30)

for any two parametrices Φ, Ψ.

2. The functional I[Φ] solves the scale Φ quantum master equation (4.4.29) for some
(hence all) Φ.

3. Let Ii,k[Φ] denote the part of I[Φ] which is of degree i in h̄ and degree k in the fields
EL ,c. Given any neighborhood U of the diagonal M ⊂ Mk, we can find a parametrix
ΦU such that whenever Φ ≤ ΦU, I[Φ] has support contained in U. More precisely,
let supp(Φ)n denote the set of points (x, y) ∈ M2 such that there exists a collection
of points x0 = x, x1, · · · , xn = y with (xi, xi+1) ∈ supp(Φ). Let η(i, k) denote the
maximum number of edges which can appear in a Feynman diagram of genus i
and order k; similarly, we let υ(i, k) denote the maximum number of vertices which
appear. We require that

Ii,k(e1, · · · , ek) = 0 (4.4.31)

unless
supp(el)× supp(em) ⊂ supp(Φ)η(i,k)(1+υ(i,k)) (4.4.32)

for all 1 ≤ l, m ≤ k.

4. The mod h̄ part of I[Φ], which we denote I0[Φ], is obtained by HRG flow from scale
0 of a classical bulk-boundary system (see Lemma 4.4.23).

Remark 4.4.17: The particular exponent η(i, k)(1 + ν(i, k)) appearing in Item 3 above may
be somewhat mysterious. The value of the exponent will become clearer once we intro-
duce the machinery of heat-kernel renormalization. This discussion culminates in 4.5.9,
wherein the necessity of the particular value of the exponent is derived. ♦

An alternative definition of quantum TNBFTs

In the previous subsection, we outlined a definition of perturbative quantum bulk-boundary
systems, based on the the method of effective actions of [Cos11]. That definition was
based on the notion of a parametrix, and lends itself readily to the construction of a fac-
torization algebra of quantum observables, which we undertake in Section 4.7. However,
for the purposes of renormalization and the construction of counter-terms, we need an al-
ternative definition of a quantum bulk-boundary system, which we study in this section.
The definition of this section will be based on the notion of a fake heat kernel:

In this section, we assume that (E , Q, QGF) are amenable to doubling. The following
is based on Definition 14.3.1 of Chapter 2 of [Cos11]
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Definition 4.4.18. A fake heat kernel for the theory E is a smooth, cohomological degree
1 section

K̃ ∈ EDBL⊗̂βEDBL⊗̂βC∞(R>0). (4.4.33)

We denote by K̃L the element of EDBL⊗̂βEDBL obtained by evaluating at L. We require K̃
to satisfy

1. K̃ extends, at L = 0, to a distribution

K̃ ∈ EDBL⊗̂βEDBL⊗̂βC∞(R≥0) (4.4.34)

such that K̃0 is the kernel (using the pairing 〈·, ·〉loc to identify EDBL → E !
DBL[−1])

for the identity map EDBL → EDBL.

2. The support of K̃, as a subset of M × M × R>0, is proper, i.e. the projection maps
supp K̃ → M×R>0 are proper.

3. The quantity
d

dL
K̃ + ([Q, QGF]⊗ 1)K̃ (4.4.35)

lies in the space
C∞(MDBL ×MDBL ×R≥0, EDBL � EDBL) (4.4.36)

and vanishes at L = 0, with all derivatives in L and on MDBL, faster than any power
of L.

4. The kernel K̃ admits a small L asymptotic expansion which can be written, in normal
coordinates x, y near the diagonal in M2

DBL, in the form

K̃L ' L−
dim M

2 e−||x−y||2/(4L)
∑
i≥0

LiΩi(x, y), (4.4.37)

where the Ωi are smooth sections of EDBL � EDBL.

5. The kernel K̃ is symmetric under the Z/2 action which interchanges the order of the
tensor factors EDBL⊗̂βEDBL (with appropriate Koszul signs).

6. The kernel K̃ has no component in ADBL⊗̂βADBL⊗̂βC∞(R≥0).

Lemma 4.4.19. A fake heat kernel exists.

Proof. An object satisfying the first four properties of our definition are shown to hold
in Lemma 14.3.3 of Chapter 2 of [Cos11]. The fact that fake heat kernels satisfying (5)
exist follows from the symmetry properties of [Q, QGF] with respect to the pairing 〈·, ·〉.
The fact that fake heat kernels satisfying property (6) follows by the same argument that
showed that parametrices satisfying the analogous condition exist (cf. Lemma 4.3.8 and
its corollary).
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Notice that if K̃ is a fake heat kernel, then

Φ̃L :=
∫ L

0
K̃TdT (4.4.38)

is a non-invariant parametrix in the sense of Definition 4.3.5. We will denote by ΦL the
σ-invariant parametrix constructed in Lemma 4.3.8 from Φ̃L. In other words,

ΦL =
1
2
(1⊗ 1 +σ ⊗ 1 + 1⊗σ +σ ⊗σ) Φ̃L (4.4.39)

By the propagator from scale ε to scale L we mean the propagator between the paramet-
rices Φε and ΦL, namely

1
2

(
QGF ⊗ 1 + 1⊗QGF

)
(ΦL −Φε) . (4.4.40)

Similarly, by HRG flow from scale ε to scale L (which we denote W (P(ε, L), ·)), we mean
the HRG flow from parametrix Φε to parametrix ΦL. We can also define the scale L QME
in a similar way.

Definition 4.4.20. A theory in the heat kernel sense is a collection of functionals {I[L] |
L ∈ R>0} of elements of O+

P,sm(EL ,c) of cohomological degree 0 such that

1. The I[L] satisfy the HRG equation

I[L] = W (P(t, L), I[t]) . (4.4.41)

2. The functional I[L] solves the scale L quantum master equation for some (hence all)
L.

3. There is a small L asymptotic expansion

I[L] '∑ fi(L)Ψi (4.4.42)

in terms of local action functionals Ψi ∈ O+
loc(EL ,c). Further, the fi(L) have at most

a finite-order pole at L = 0.

A collection {I[L]} satisfying conditions (1) and (3) is called a pre-theory.

Given a heat kernel theory {I[L]}, one can define a collection of functionals (one for
each parametrix Φ) via

I[Φ] = W (P(ΦL, Φ), I[ΦL]) , (4.4.43)

and it is straightforward to verify that the collection satisfies the HRG equation and the
QME. We will show in Section 4.5 that {I[Φ]} also satisfies the locality axiom, and that
any parametrix theory arises in this way.
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The heat kernel parametrices give us much more control over the small scale behavior
of our parametrices; in fact, we can prove a lemma which will be useful to us in the sequel.
Let us, for the rest of this section, use the symbols E , EDBL, Ec, . . . to denote the spaces of
global sections of the (co)sheaves which are normally represented by the same letters.
Recall that, when ∂M = ∅, the parametrices Φ give well-defined operators Ec → Ec. In
the present situation, z non-invariant parametrix Φ̃ gives rise to an operator (EDBL)c →
(EDBL)c; elements of EL ,c can be understood as compactly-supported sections of EDBL
with step-function singularities (by extending the sections into the negative half-manifold
to beσ-invariant), and so as elements of CVS (EDBL,R), for which we will use the symbol
(EDBL)

∨, since this inner-hom space is the strong topological dual to EDBL. The non-
invariant parametrices Φ̃L act on (EDBL)

∨ by transpose, so each Φ̃L gives a map Φ̃L :
EL ,c → (EDBL)

∨. Each invariant parametrix gives rise to a similar map, which we will
denote also by the symbol ΦL. Let us note the following: given an element e′ ∈ (E

L̂
)c, the

σ-invariant extension is smooth on the double, so that ΦLe′ ∈ (EDBL)
σ
c , and ΦL may be

viewed as an operator on (E
L̂
)c. However, we would like to extend this operator to the

full space of L -conditioned fields. The following lemma shows that ΦL factors through
the inclusion EL ,c → (EDBL)

∨.

Lemma 4.4.21. The parametrix ΦL lifts to a well-defined operator

TL : EL ,c → EL ,c. (4.4.44)

A similar statement holds to construct an operator PL whose kernel on EDBL is P(ΦL).

Proof. One may show the Lemma by direct computation or by using a number of well-
known facts about the properties of pseudo-differential operators, as we do now.

First, given a section e ∈ EL , we may extend it to a σ-invariant section e′ of EDBL in
the same way that one may extend a function on R≥0 to an even or odd function on R. In
general, e′ is not smooth, since it and/or its derivatives possess a step-function singularity
at ∂M ⊂ MDBL. It is nevertheless smooth away from ∂M. The operators Φ̃L, P̃(ΦL), when
considered as operators on the space of distributional sections of EDBL, are pseudodiffer-
ential operators, and hence they preserve the singular support of distributions. Therefore,
Φ̃Le′ and P̃(ΦL)e′ are smooth away from ∂M. We define TLe (respectively, PLe) to be one-
half of the unique smooth extension of Φ̃Le′ (respectively, P̃(ΦL)e′) from the interior of
M to all of M, if it exists. Hence, we need to show that such an extension exists. First we
note that P̃(ΦL)e′, as a section of EDBL, is simply the gauge-fixing operator QGF applied
to Φ̃Le′. Hence, if Φ̃Le′ is smooth up to ∂M, so too will be P̃(ΦL)e′. It therefore suffices to
show the lemma for the operator TL. To this end, we may write e′ = e1 + e2, where e1 is
zero on the negative half-manifold in MDBL, and e2 is smooth on MDBL. It therefore suf-
fices to show that, given a section e1 of EDBL which is smooth away from ∂M and which
is zero on the negative half-manifold, Φ̃Le1 is smooth on M up to the boundary.

A sufficient condition for this to be the case is that Φ̃L satisfy the transmission con-
dition (see Definition 2.3 and Theorem 2.13 of [Sch01]). The operator Φ̃L is the (non-
invariant) parametrix for an elliptic differential operator [Q, QGF]. Elliptic differential
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operators, having polynomial symbols, are readily seen to satisfy the transmission con-
dition, and by Proposition 2.7(c) of [Sch01], any (non-invariant) parametrix for an elliptic
differential operator satisfies the transmission condition. (Strictly speaking, Schrohe stud-
ies the transmission condition in the upper half-space, but since parametrices have their
singularities on the diagonal, we may readily assume without loss of generality that M is
the upper half-space.) The lemma follows.

Lemma 4.4.22. The equality
[Q, PL]e = e− KΦL ? e (4.4.45)

holds, where
KΦL ? e = (−1)|e| id⊗ 〈·, ·〉 (KΦL |M×M ⊗e) (4.4.46)

is convolution (over M) of KΦL with e using the pairing 〈·, ·〉.

Proof. It suffices to check this equation by pairing with e′ ∈ E
L̂

, i.e. it suffices to show
that 〈

e′, [Q, PL]e
〉
=
〈
e′, e− KΦL ? e

〉
(4.4.47)

for all e′ ∈ (E
L̂
)c. This is because these fields are dense in EL ,c in the L2 sense. Now, note

that, by construction, PL and KL? are graded symmetric operators on EL ,c with respect
to the pairing 〈·, ·〉. Because e and e′ satisfy the boundary condition, Q is also graded
skew-symmetric for the pairing. Hence, we find that〈

e′, [Q, PL]e
〉
=
〈
[Q, PL]e′, e

〉
(4.4.48)

Let
D : E

L̂
→ (EDBL)

σ (4.4.49)

denote the natural doubling map. Further, let resM denote the restriction map

rM : (EDBL)
σ → E

L̂
. (4.4.50)

The maps rM and D are mutually inverse isomorphisms. For e′ ∈ E
L̂

, we have, by con-
struction,

PLe′ =
1
2

rMP(ΦL)D(e′). (4.4.51)

We also have the identities

rMQD(e′) = Qe′, rMQGFD(e′) = QGFe′ (4.4.52)

DQrM f = Q f , DQGFrM f = QGF f (4.4.53)

for e′ ∈ E
L̂

and f ∈ (EDBL)
σ . In other words, the above identities show that the maps D

and rM intertwine both Q and QGF Hence,

[Q, PL]e′ = [Q, rMP(ΦL)De′] = rM[Q, P(ΦL)]De′; (4.4.54)
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now, the kernel for P(ΦL) on EDBL is precisely (QGF ⊗ 1 + 1⊗ QGF)ΦL, and the kernel
for [Q, PL] is

Kσ+1 − KΦL ; (4.4.55)

Kσ+1 acts on D(e′) by multiplication by 2. Hence, we find that

[Q, PL]e′ =
1
2

rMPDBL,LD(e′) =
1
2

rM(2e′− (−1)|e| id⊗ 〈·, ·〉MDBL
(KΦL⊗ e′)) = e′−KΦL ? e′,

(4.4.56)
where we have used the fact that because e′ and KΦL are σ-invariant,

id⊗ 〈·, ·〉MDBL
(KΦL ⊗ e′) = 2id⊗ 〈·, ·〉 (KΦL |M×M⊗e′).

This establishes the Lemma.

The preceding results combine to show the following lemma:

Lemma 4.4.23. The HRG flow from scale zero to scale Φ is well-defined modulo h̄ for
functionals with smooth first derivative. More precisely, in the tree diagrams appearing
in the definition of W (P(Ψ, Φ), ·), one may replace P(Φ)− P(Ψ) with P(Φ) and obtain
a well-defined answer. Let W0 (P(0, Φ), ·) denote the corresponding map at the level of
functionals (with smooth first derivative). W0(P(0, Φ), ·) takes interaction functionals
corresponding to classical bulk-boundary systems to solutions of the scale−Φ quantum
master equation mod h̄. The same statement holds true for functionals of the form I + δO,
where I has smooth first derivative and proper support, δ2 = 0, and O is an arbitrary
functional. Moreover, the equation

d
dδ

W0 (P(0, Φ), I + δ(QO+ {I,O}Φ)) = dCE
d

dδ
W0 (P(0, Φ), I + δO) (4.4.57)

holds.

Proof. In light of Lemmas 4.4.22 and 4.4.21, the proof of the first statement is by an iden-
tical argument to the one used when ∂M = ∅. Here, it is important that we consider only
functionals with smooth first derivative (as opposed to ∂-smooth first derivative) because
the trees arising in this way can be seen as compositions of poly-differential operators
and pseudo-differential operators. The second statement of the lemma follows from the
mod h̄ part of the argument used to prove Lemma 4.4.15; the argument now applies with
zero for one of the parametrices. The fact that this argument also applies to functionals of
the form I + δO uses that the diagrams involved only have one vertex corresponding to
O.
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4.5 Counterterms and Renormalization
So far, we have managed to define a quantum bulk-boundary system. However, we have
said nothing about how to construct a quantum bulk-boundary system. In this section,
we show that one may—given any local functional I—construct a quantum pre-theory
corresponding to I by the mechanisms of renormalization. In other words, we will obtain
from I a collection I[L] of functionals, one for every L > 0, which satisfy all of the axioms
of a bulk-boundary system in the heat kernel sense except that they may not satisfy the
QME. In Section 4.6, we address the possible failure of a pre-theory to satisfy the QME.
The results in this section are essentially a summary of [Alb16] and an explanation of the
consequences of that paper in the present context.

Counterterms

In this and the next subsection, we restrict our attention to the study of pre-theories in the
heat kernel formalism, that is, collections of interaction functionals {I[L]} satisfying the
HRG equation and asymptotic locality, but not necessarily the QME. Our goal is to show
that such theories are in bijection with h̄ power series of local action functionals ∑i,k h̄i Ii,k,
where Ii,k is homogeneous of degree k in the fields. To this end, suppose that ∑i,k h̄i Ii,k
is an action functional, where ∑k I0,k is the action functional of a classical bulk-boundary
system (we fix also the boundary condition L and a gauge-fixing and assume that both
the theory and the gauge-fixing are amenable to the doubling trick). We would like to set

I[L] = W

(
P(0, L), ∑

i,k
h̄i Ii,k

)
; (4.5.1)

however, the HRG flow is not defined from scale 0, since the propagator P(0, L) does not
have a smooth kernel. Instead, one must study the singularities for small ε of the quantity

W

(
P(ε, L), ∑

i,k
h̄i Ii,k

)
. (4.5.2)

One then shows that these singularities can be canceled by the introduction of local
counter-terms—a local, ε-dependent functional ICT(ε)—so that the limit

lim
ε→0

W

(
P(ε, L), ∑

i,k
h̄i Ii,k − ICT(ε)

)
(4.5.3)

exists.
Let γ be a Feynman diagram appearing in the sum defining W

(
P(ε, L), ∑ h̄i Ii,k

)
. Let k

be the number of external vertices, or tails, of γ. Let E(γ) denote the set of edges of γ, and
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let α be a compactly-supported section in E
⊗̂βk
L ,c . For each such diagram, the associated

weight can be written

wγ,I(ε, L,α) =
∫
(ε,L)|E(γ)|

fγ,I(t,α) ∏
e∈E(γ)

dte, (4.5.4)

where t represents the collection of variables te as e ranges over E(γ) and fγ,I(t,α) is
determined by the Feynman rules. The following result concerning the small ε behavior
of the fγ,I(t,α) is proved for scalar field theory in [Alb16], but its proof only uses the
asymptotic expansion of the heat kernel of the form given in Definition 4.4.18 and so
applies to the present case.

Theorem 4.5.1. There exists a cover C1, · · ·C` of (0, L)|E(γ)| by a finite number of closed
sets such that there exist:

1. a finite set of inequalities of the form tR1
e1 − tR2

e2 ≥ 0 defining each Ci,

2. gi j(t) ∈ C∞((0, L)|E(γ)|), i ∈ {1, · · · , `}, j ∈ N,

3. local action functionals Ψi j(α),

4. dir, mir ∈ N, with dir → ∞ as r→ ∞, i ∈ {1, · · · , `}, so that∣∣∣∣∣ fγ,I(t,α)−
r

∑
j=1

gi j(t)Ψi j(α)

∣∣∣∣∣ ≤ ||α|||T(γ)|mir

(
max

e∈E(γ)
te

)dir

(4.5.5)

for all t ∈ Ci with max te sufficiently small. Here, ||α||mir is the Cmir norm ofα.

Theorem 4.5.1 shows that we can approximate wγ,I(ε, L,α) by a finite number of terms
in the sum

∑
i, j

(∫
Ci∩(ε,L)|E(γ)|

gi j(t)dt
)
Ψi j(α), (4.5.6)

and the error in doing so (if sufficiently many terms are kept in the above sum) is bounded
by a function of the coordinates t whose integral over (0, L)|E(γ)| exists. We can also use
Theorem 4.5.1 to derive a small-ε asymptotic expansion for the weights wγ,I(ε, 1,α):

Proposition 4.5.2. The Feynman weights wγ,I(ε, 1,α) admit small-ε asymptotic expan-
sions of the form: ∞

∑
i=0

g j(ε)Ψ j(α), (4.5.7)

where the Ψ j(α) are local action functionals. More precisely, for every N > 0, there exist
a j0 > 0 and an m ∈ Z≥0 so that∣∣∣∣∣wγ,I(ε, 1,α)−

j0

∑
j=0

g j(ε)Υ j(α)

∣∣∣∣∣ < εN+1||α|||T(γ)|m (4.5.8)
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for sufficiently small ε.

Proof. The proof follows from Theorem 4.5.1 in the same way that Lemma 15.7.7 in [Cos07]
follows from Lemma 15.7.3 therein.

Theorem 4.5.3. The weights wγ,I(ε, L,α) have the following properties:

1. They admit a small-ε asymptotic expansion

wγ,I(ε, L,α) '
∞
∑
i=0

hi(ε)Υi(L,α), (4.5.9)

where the Υi are continuously L-dependent functionals of the fieldα (not necessar-
ily local) and the hi are continuous functions of ε ∈ (0, 1).

2. The Υi(L,α) admit a small-L asymptotic expansion

Υi(L,α) '
∞
∑
i=0

fi, j(L)Φi, j, (4.5.10)

where the Φi, j are local.

Proof. Item (1) follows from using the small-ε asymptotic expansion

wγ,I(ε, 1,α) '
∞
∑
j=0

gi(ε)Ψi(α) (4.5.11)

and then subjecting these weights to RG flow from 1 to L. Item (2) follows from the fact
that the Υi can be described as

wγ,J(1, L,α), (4.5.12)

where J is a local functional obtained from the Ψi, so that we can apply Proposition 4.5.3
to study the small-L behavior of the Υi.

Remark 4.5.4: We note that the gi of Proposition 4.5.2, as well as the hi and the fi, j of Theo-
rem 4.5.3, can be shown to have finite-order poles in their variables. We do not prove this
here, but it follows from a direct examination of the structure of the Feynman weights
and the functions gi j appearing in Theorem 4.5.1. ♦

With Theorem 4.5.3 in hand, we can construct a quantum pre-theory by constructing
counter-terms along the lines of [Cos11]. To this end, let A≥0 ⊂ C((0, 1)) denote the
subspace of continuous functions of ε ∈ (0, 1) which admit an ε→ 0+ limit.

Definition 4.5.5. A renormalization scheme is a choice of complement A<0 to A≥0 in
C((0, 1)).
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For f ∈ C((0, 1)), we write Sing f and Reg f for the projections of f onto A<0 and
A≥0, respectively.

Theorem 4.5.6. Given a local action functional I = ∑i,k h̄i Ii,k ∈ O+
P,sm(EL ,c) and a renor-

malization scheme A<0, there exists a unique series of counter-terms ICT
i,k (ε), where each

ICT
i,k (ε) belongs to the space

Oloc(EL )⊗alg A<0 (4.5.13)

and is homogeneous of degree k. The ICT
i,k (ε) are such that the limit

lim
ε→0+

W

(
P(ε, L), I −∑

i
h̄i ICT

i,k (ε)

)
(4.5.14)

exists.

Proof. Theorem 4.5.3 implies that, given a connected diagram γ, the Feynman weight
wγ,I(ε, L) admits a small-ε asymptotic expansion of the form

wγ,I(ε, L) '
∞
∑
i=0

gi(ε)Υi, (4.5.15)

where the gi(ε) are continuous functions of ε ∈ (0, 1) and the Υi are smooth families of
functionals parametrized by L. The existence of an asymptotic expansion implies there
exists an N > 0 such that gi(ε) admits an ε→ 0+ limit for i > N. We define

Sing wγ,I(ε, L) =
∞
∑
i=0

Singε gi(ε)Υi =
N

∑
i=0

Singε gi(ε). (4.5.16)

Let Γi,k denote the set of connected Feynman diagrams of genus i and order k. Denote

Wi,k(P(ε, L), I) = ∑
γ∈Γi,k

wγ,I(ε, L); (4.5.17)

we have
W (P(ε, L), I) = ∑ h̄iWi,k(P(ε, L), I). (4.5.18)

In [Cos11], Costello constructs the counter-terms by induction on (i, k) ∈ Z≥0 ×Z≥0. We
perform a similar induction; however, since in the present work we have allowed Feyn-
man diagrams which have bivalent vertices at order h̄0, we need to perform an additional
induction. To this end, recall that we have postulated a decomposition E ∼= A ⊕B (Def-
inition 4.2.2) and let Wi,k,l denote the component of Wi,k which accepts l inputs from A
(and therefore k− l inputs from B). Similarly, we write Ii,k,l for the corresponding com-
ponent of Ii,k. We will call l the A -grading of Ii,k,l, Wi,k,l. We will prove the theorem by an
induction on the (i, k, l), endowed with the lexicographic ordering. As we have seen, the



CHAPTER 4. INTERACTING QUANTUM BULK-BOUNDARY SYSTEMS 126

W0,k,l(P(ε, L), I) are non-singular as ε → 0, since they are obtained by classical RG flow.
Now, we define

ICT
1,0,0(ε) := Singε W1,0,0(P(ε, L), I) = 0, (4.5.19)

since the only diagrams which could contribute to W1,0,0 are the contraction of I0,2 with
P(ε, L) and I1,0. The former is zero, because P has an A and B factor, while I0,2 accepts
only A inputs. The contribution of I1,0 is independent of ε and so non-singular. This es-
tablishes the base case for the induction. Let us now denote by W<(i,k,l)(P(ε, L), J) the sum
over all diagrams contributing to W(P(ε, L), J) with order k′, genus i′, and A -grading l′,
where (i′, k′, l′) < (i, k, l). We will also write W≤(i,k,l) for a similar sum. Suppose that, for
a given (i, k, l), we have constructed counter-terms ICT

i′ ,k′ ,l′ for all (i′, k′, l′) < (i, k, l) such
that

W<(i,k,l)

P(ε, L), I − ∑
(i′ ,k′ ,l′)<(i,k,l)

ICT
i′ ,k′ ,l′(ε)

 (4.5.20)

admits an ε→ 0 limit. Define

ICT
i,k,l(ε) = Singε Wi,k,l

P(ε, L), I − ∑
(i′ ,k′ ,l′)<(i,k,l)

ICT
i′ ,k′ ,l′(ε)

 . (4.5.21)

(In principle, ICT(ε) depends on L as well as ε; we will see below that this is not the case).
We have the following equation whenever (i′, k′, l′) < (i, k, l):

Wi′ ,k′ ,l′

P(ε, L), I − ∑
(i′′ ,k′′ ,l′′)≤(i,k,l)

ICT
i′′ ,k′′ ,l′′(ε)

 = Wi′ ,k′ ,l′

P(ε, L), I − ∑
(i′′ ,k′′ ,l′′)<(i,k,l)

ICT
i′′ ,k′′ ,l′′(ε)

 .

(4.5.22)
Similarly, we have

Wi,k,l

P(ε, L), I − ∑
(i′ ,k′ ,l′)≤(i,k,l)

ICT
i′′ ,k′′ ,l′′(ε)

 (4.5.23)

= Wi,k,l

P(ε, L), I − ∑
(i′ ,k′ ,l′)<(i,k,l)

ICT
i′ ,k′ ,l′(ε)

− ICT
i,k,l(ε).

To prove Equations (4.5.22) and (4.5.23), let γ ∈ Γi′ ,k′ ,l′ be a connected graph appearing
in the left-hand-side of Equation (4.5.22). Let V(γ) denote the set of vertices of γ, E(γ)
the set of (internal) edges of γ, and for each v ∈ V(γ), let val(v) denote the valence of v
and g(v) the genus of v. For γ to have genus i′, we must have the equality

|E(γ)|−|V(γ)|+ ∑
v∈V

g(v) + 1 = i′. (4.5.24)
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Moreover, |E(γ)|−|V(γ)|+1 ≥ 0. Hence, γ cannot have any vertices v of genus exceeding
i′. If γ has a single vertex v0 of genus i′, then all remaining vertices have genus zero and
the diagram is a tree. Then, because all of the genus 0 vertices are at least bivalent, γ has
at least as many tails as the valence of v0, so the valence of v0 cannot exceed k′. The same
can be said about the valence of any vertex in γ. Finally, if in addition the valence of v0
is k′, γ must consist of some number of genus 0 bivalent vertices connected to v0. Note
that, by our assumptions on the structure of P(ε, L) and of the bivalent vertices (given
in Definitions 4.2.2 and 4.3.5), attaching a bivalent vertex to another vertex increases the
A -order of the functional by 1. Hence, for any functional J = ∑i,k h̄i Ji,k, the contributions
to

Wi,k,l(P(ε, L), J) (4.5.25)

come from terms Ji′ ,k′ ,l′ with (i′, k′, l′) ≤ (i, k, l), and the contribution of Ji,k,l to Wi,k,l(P(ε, L), J)
is simply Ji,k,l. This establishes Equations (4.5.22) and (4.5.23). The remainder of the proof
proceeds as in [Cos11]: one shows that ICT

i,k,l(ε) is independent of L, local, and that

W≤(i,k,l)

P(ε, L), I − ∑
(i′ ,k′ ,l′)≤(i,k,l)

ICT
i′ ,k′ ,l′(ε)

 (4.5.26)

admits an ε → 0 limit. The main facts used in the proofs of those statements in [Cos11]
are stated in Theorem 9.3.1 of Chapter 2 there. The analogous statement in the present
work is Theorem 4.5.3.

Theorem 4.5.6 implies the following:

Theorem 4.5.7. Given an action functional I ∈ O+
P (EL ,c) and a renormalization scheme,

let ICT(ε) denote the sum ∑i,k,l h̄i ICT
i,k,l(ε) of all the counter-terms constructed in Theorem

4.5.6. Then, the equation

I[L] := lim
ε→0+

W
(

P(ε, L), I − ICT(ε)
)

(4.5.27)

defines a quantum pre-theory in the heat kernel sense.

The following Theorem is proved in our context in an identical fashion to the proof in
Section 11 of Chapter 2 of [Cos11]:

Theorem 4.5.8. Let I0 be the interaction functional of a classical bulk-boundary system.
Suppose the classical bulk-boundary system is amenable to doubling and has a gauge-
fixing amenable to doubling. A choice of renormalization scheme leads to a bijection
between the set of local action functionals h̄Oloc(EL )[[h̄]] and the set of quantum bulk-
boundary pre-theories {I[L]}L>0 (in the heat kernel sense) whose h̄0 component is ob-
tained from I0 by classical RG flow from scale 0.
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Equivalence of the two notions of quantum field theory

In this section, we show the following Proposition:

Proposition 4.5.9. Given {I[L]}, a quantum pre-theory in the heat kernel sense, the col-
lection

I[Φ] := W (P(ΦL, Φ), I[L]) (4.5.28)

gives a quantum pre-theory in the parametrix sense. Conversely, any quantum pre-theory
{I[Φ]} in the parametrix sense gives a quantum pre-theory in the heat kernel sense:

I[L] := I[ΦL]. (4.5.29)

These two correspondences are mutually inverse.

Proof. For the first statement, fix a renormalization scheme and a local action functional I.
Let {I[L]} be the quantum pre-theory in the heat kernel sense associated to these choices.
Let {I[Φ]} the corresponding collection of functionals defining the putative pre-theory in
the parametrix sense. {I[Φ]}manifestly satisfies the HRG flow equation, so we only need
to show that the collection {I[Φ]} has ∂-smooth first derivative and that {Ii,k[Φ]} can be
chosen to be “close to local” if Φ has support close to the diagonal M ⊂ Mk. The precise
sense in which me mean the latter statement is specified as Item (3) in Definition 4.4.16.
The analogous statement in [Cos11] is Lemma 12.0.2 of Chapter 2. Our proof is almost
identical to the one there. Let Ψ be a smooth function on M2 with proper support and
suppose that Ψ is identically 1 in a neighborhood of the diagonal. Then, as discussed in
[Cos11], ΨΦL is a parametrix and

I[ΨΦL] = lim
ε→0

W(P(Ψ(ΦL −Φε)), I − ICT(ε)). (4.5.30)

The fact that I[ΨΦL] has ∂-smooth first derivative follows from the fact that the func-
tionals I − ICT(ε) have ∂-smooth first derivative (because they are local) and the fact that
HRG flow preserves the space of functionals with smooth first derivative. The fact that
the I[Φ] satisfy HRG flow is immediate. To show that the I[Φ] give a pre-theory, it re-
mains to check that the I[Φ] have the desired properties as Φ→ 0. We have

I[Φ] = W(P(Φ− ΨΦL), I[ΨΦL]). (4.5.31)

Let us first note that by choosing Ψ supported arbitrarily close to the diagonal in M2,
we can make Ii′ ,k′ [ΨΦL] “close” to local for (i′, k′) smaller than or equal to (in the lexico-
graphic ordering) some (i, k). More precisely, there exists some bilinear function η(i, k) so
that

Ii′ ,k′ [ΨΦL](e1, · · · , ek′) = 0 (4.5.32)

unless
supp em × supp en ⊂ (supp(ΨΦL))

η(i,k). (4.5.33)
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This follows from Equation (4.5.30), where η is, as in Definition 4.4.16, the maximum
number of edges that can appear in a Feynman diagram of genus i and order g.

Now, we may choose Ψ supported close enough to the diagonal so that ΨΦL ≤ Φ. Fix
a Feynman diagram γ. Let V be the number of internal vertices of γ, E the number of
internal edges, and wγ the contribution of γ to the sum W (P(ΨΦL, Φ), I[ΨΦL]). Then,

wγ(e1, · · · , ek) = 0 (4.5.34)

unless

supp em × supp en ⊂ (supp(ΨΦL))
E+Vη(i,k) ⊂ (supp(ΨΦL))

(η(i,k)+1)υ(i,k). (4.5.35)

This shows that the collection I[Φ] satisfies the locality condition in Definition 4.4.16. This
completes the proof that the I[Φ] give a pre-theory in the parametrix sense.

To show that all parametrix theories arise in this way, suppose that two parametrix
theories {I′[Φ]} and {I[Φ]} satisfy

I′i′ ,k′ ,l′ [Φ] = Ii′ ,k′ ,l′ [Φ] (4.5.36)

for all (i′, k′, l′) < (i, k, l). Then, let

Ji,k,l[Φ] = I′i,k,l[Φ]− Ii,k,l[Φ]; (4.5.37)

the combinatorics of the HRG flow equation imply that Ji,k,l[Φ] is independent of Φ;
hence, because I and I′ satisfy asymptotic locality, J must be supported on the small diag-
onal M ⊂ Mk. Finally, J has ∂-smooth first derivative because I and I′ do. The functionals
with support on the small diagonal and ∂-smooth first derivative are precisely the local
action functionals (cf. Proposition 4.4.4 ; hence, J is a local functional. In other words,
suppose that I[Φ] is a parametrix pre-theory defined for all (i′, k′, l′) < (i, k, l); we have
shown that the set of all lifts of such a theory to one defined for all (i′, k′, l′) ≤ (i, k, l) is in
bijection with the space of local functionals. But this is precisely the corresponding set of
lifts for a heat kernel pre-theory.

4.6 Obstruction Theory

Suppose that {I[Φ]} is a quantum bulk-boundary system defined modulo h̄n+1; in other
words, we have I[Φ] ∈ O(E )[[h̄]]/(h̄n+1),

W (P(Ψ, Φ), I[Ψ]) = I[Φ] mod h̄n+1, (4.6.1)

QI[Φ] +
1
2
{I[Φ], I[Φ]}Φ + h̄∆Φ I[Φ] = 0 mod h̄n+1, (4.6.2)
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and the I[Φ] satisfy an asymptotic locality condition as Φ → 0. We have seen (cf. the
end of the proof of Proposition 4.5.9) that, by choosing a local functional, we may extend
I[Φ] to a collection { Ĩ[Φ]} of functionals which are defined and satisfy the HRG equation
modulo h̄n+2. Define

On+1[Φ] = h̄−n−1
(
`1 Ĩ[Φ] +

1
2
{ Ĩ[Φ], Ĩ[Φ]}Φ + h̄∆Φ Ĩ[Φ]

)
mod h̄; (4.6.3)

The functional On+1[Φ] belongs to the space OP(EL ,c) of functionals with proper sup-
port, and has cohomological degree +1. This is because Ĩ[Φ] has proper support and the
operations `1, {·, ·}Φ, and ∆Φ preserve functionals with this property.

The following is Lemma 11.1.1 of Chapter 5 of [Cos11]; the proof given there works
without changes in the present context.

Lemma 4.6.1. Let ε be a parameter of cohomological degree −1 which squares to zero.
Let I0[Φ] be the classical part of I[Φ]. Then,

I0[Φ] +εOn+1[Φ] (4.6.4)

satisfies the classical HRG equation and the (scale Φ) classical master equation. The space
of lifts of {I[Φ]} to a theory defined modulo h̄n+2 is the space of collections of functionals
{J[Φ]} of cohomological degree 0 such that I0[Φ] + δ J[Φ] = On+1[Φ], such that J[Φ]
satisfies the equation

QJ[Φ] + {I0[Φ], J[Φ]}Φ = On+1[Φ], (4.6.5)

and such that J[Φ] can be made to have support arbitrarily close to the diagonal for small
Φ; here, δ is a parameter of cohomological degree 0 which squares to 0.

Remark 4.6.2: To be more precise about the asymptotic locality condition specified on J[Φ]
in the lemma, let Kt be a fake heat kernel. We require that J[Φt] have a small-t asymptotic
expansion in terms of local functionals of the same sort that the functionals I[Φt] are
required to satisfy in the heat kernel definition of quantum TNBFT. ♦

Combining the preceding lemma with Lemma 4.4.23, we have

Proposition 4.6.3. Given a theory {I[Φ]} defined modulo h̄n+1, the obstruction to lifting
I[Φ] to a theory defined modulo h̄n+2 is a local functional On+1 ∈ Oloc(EL ) of cohomo-
logical degree 1 which is closed for the Chevalley-Eilenberg differential. The set of lifts of
I[Φ] to a theory defined modulo h̄n+2 is the set of elements J ∈ Oloc(EL ) of degree zero
which witness the exactness of On+1 as an element of Oloc(EL ).

Proof. By Lemma 4.4.23, the limit limΦ→0 On+1[Φ] exists and is closed for the Chevalley-
Eilenberg differential on the complex of local functionals. The asymptotic locality of Ĩ[Φ]
implies the asymptotic locality of On+1[Φ], by an argument similar to the one in the proof
of Lemma 9.4.0.2 of [CG]. Namely, `1 does not change the support of a functional, while
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supp ∆Φ Ĩ[Φ] is a subset of the image of supp I[Φ] under the projection Mk → Mk−2, and
similarly, the operation {·, ·}Φ “widens” the support of functionals by an amount which
can be made to be small if Φ is small.

Let {J[Φ]} be a collection of functionals specifying a lift of I[Φ] to a theory mod h̄n+2.
By Lemma 4.4.23, J := limt→0 J[Φt] exists. Moreover, since J[Φt] is assumed to have a
small-t asymptotic expansion in terms of local action functionals, it follows that J is local.
Finally, since

QJ[Φ] + {I[Φ], J[Φ]}Φ = On+1[Φ], (4.6.6)

and since the classical HRG equation for I0 + δ J intertwines the Chevalley-Eilenberg dif-
ferential acting on J with

QJ + {I[Φ], J}Φ, (4.6.7)

it follows that J witnesses the exactness of On+1 in Oloc(EL ).

4.7 Factorization Algebra of Quantum Observables
In this subsection, we construct a factorization algebra on M which can be associated to
any quantum bulk-boundary system I[Φ] on M, thus completing the main task of this
dissertation.

We proceed as in [CG], introducing first a complex of global (on M) observables for
each parametrix Φ. The complexes corresponding to different parametrices will be equiv-
alent to each other; in this way, we obtain a single complex of global observables. The
observables associated to an open subset U ⊂ M will be described as a subcomplex of the
global observables. Finally, we will describe the factorization product for observables.
The discussion follows [CG] closely. In fact, the proofs given there for the case ∂M = ∅
carry over with little change to our context. All constructions will be implicitly carried
out in the category of differentiable vector spaces. For the sake of space, however, we only
describe the underlying vector spaces. We refer the reader to the corresponding locations
in [CG] for the description of the differentiable structure on the vector spaces we define
here.

Definition 4.7.1. The cochain complex of global scale-Φ observables Obsq
E ,L (M)[Φ] is

the cochain complex
(O(EL )[[h̄]], Q + {I[Φ], ·}Φ + h̄∆Φ); (4.7.1)

the operator Q + {I[Φ], ·}Φ + h̄∆Φ squares to zero as a consequence of the scale Φ QME.

Definition 4.7.2. The homotopical renormalization group flow for observables is the
operation

WΨ
Φ : O(EL )[[h̄]]→ O(EL )[[h̄]] (4.7.2)

defined by

WΨ
Φ(O) = h̄

d
dδ

log
(

exp(h̄∂PΨ−PΦ)e
I[Φ]+δO/h̄

)
. (4.7.3)
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Write O = ∑i,k h̄iOi,k, where Oi,k has order k in the fields. The HRG flow for observables
has a graphical representation as a sum over graphs with one special vertex labeled by
Oi,k, where i is the genus of the vertex and k is its valence.

The following lemma is proved by the same means as in [CG]:

Lemma 4.7.3. The following equality

(Q + {I[Ψ], ·}Ψ + h̄∆Ψ)(WΨ
Φ(O)) = WΨ

Φ ((Q + {I[Φ], ·}Φ + h̄∆Φ)O) (4.7.4)

holds. In other words, the observable HRG flow is a map of complexes

Obsq
E ,L (M)[Φ]→ Obsq

E ,L (M)[Ψ] (4.7.5)

from the scale-Φ observables to the scale-Ψ observables.

Definition 4.7.4. Let P be the poset of parametrices, considered as a category. By Lemma
4.7.3, the assignment Φ → Obsq

E ,L (M)[Φ] is a functor F : P → Ch. The global observ-
ables Obsq

E ,L (M) are the limit cochain complex lim F.

In more pedestrian terms, an element of Obsq
E ,L (M) is an observable O[Φ], one for

every Φ ∈ P, such that the collection O[Φ] and O[Ψ] are related by HRG flow from scale
Φ to scale Ψ for all Ψ and Φ.

Obsq
E ,L (M) will be the space of global sections of the factorization algebra we are

constructing. We must also define local sections of this factorization algebra.

Definition 4.7.5. The space of observables supported on an open U ⊂ M is the subcom-
plex of Obsq

E ,L (M) consisting of functionals O[Φ] = ∑i,k h̄iOi,k[Φ] such that for each i, k,
there exists a compact subset K ⊂ Uk and a parametrix Φ such that the support (Defini-
tion 4.4.1) of Oi,k[Ψ] ⊂ K for all Ψ ≤ Φ. We denote the space of observables supported on
U by Obsq

E ,L (U).

The proof that Obsq
E ,L (U) is a subcomplex of Obsq

E ,L (M) is identical to the one given
in [CG].

We have given a cochain complex Obsq
E ,L (U) for every open subset of M; it is imme-

diate from the definitions that whenever U ⊂ V, there is an induced map Obsq
E ,L (U) →

Obsq(V). To define the remaining factorization products, it suffices by associativity to
define a map

Obsq(U)⊗̂β Obsq(V)→ Obsq(U tV) (4.7.6)

whenever U and V are disjoint. Let us denote by ∗ the commutative product in O(EL )[[h̄]].
Let O ∈ Obsq

E ,L (U), O′ ∈ Obsq(V). We define the two-point factorization product:

m(O,O′)[Φ] = lim
Ψ→0

WΦ
Ψ (O[Ψ] ∗O′[Ψ]). (4.7.7)
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The proof that this limit exists in Section 9.5.1 of [CG] relies only on the combinatorics
of the relevant Feynman diagrams and the support properties of I[Φ], O, and O′. In both
of these respects, the situation at hand is identical to the one in [CG]; hence, this limit
exists also in our case. The arguments in Section 9.5.1 of [CG] then give:

Theorem 4.7.6. The assignment U 7→ Obsq
E ,L (U) gives a prefactorization algebra.

To show that this assignment is also a factorization algebra, we will prove the follow-
ing proposition (cf. Proposition 9.6.1.1 of [CG]):

Proposition 4.7.7. Filter Obsq by defining Fk Obsq
E ,L (U) to be the subspace of observ-

ables which vanish to order k in h̄. There is an isomorphism of prefactorization algebras

Gr Obsq ∼= Obscl ⊗CC[[h̄]]; (4.7.8)

hence, Gr Obsq is a factorization algebra.

Corollary. The quantum observables Obsq form a factorization algebra.

The proof of Proposition 4.7.7 depends in turn on the following proposition, whose
proof in the case at hand is the only point of our construction of factorization algebras
which differs from the corresponding proof in [CG], and depends on Lemma 4.4.23.

Proposition 4.7.8. Let Obsq
(0) denote the truncation of Obsq to order h̄0, i.e. Obsq

(0)(U)

is the space of observables {O[Φ]} related to each other by the h̄0 part of the HRG flow
equation; the differential on Obsq

(0)(U) is induced from the differentials Q + {I0[Φ], ·}Φ,

where I0[Φ] is the h̄0 component of the interaction; etc. Then there is an isomorphism

Obscl → Obsq
(0) (4.7.9)

of prefactorization algebras on M.

Proof. For each Φ, we construct a map

clWΦ
0 : Obscl(U)→ Obsq

(0)(U), (4.7.10)

which we call “classical observable HRG flow from scale 0 to scale Φ.” Given O ∈
Obscl(U), clWΦ

0 (O) has a graphical representation as a sum over connected trees with
one special vertex (corresponding to O). The edges are decorated by P(Φ). The classi-
cal observable HRG flow from scale 0 to scale Φ bears the same relation to observable
HRG flow that the map of Lemma 4.4.23 bears to HRG flow of action functionals, and a
similar argument shows that it is well-defined and a cochain map. Given O ∈ Obscl(U),
the collection {clWΦ

0 O}Φ satisfies the observable HRG flow modulo h̄. Hence, we have a
cochain isomorphism

Obscl(U)→ Obsq
(0)(U) (4.7.11)
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for all U. The same argument as in [CG] shows that the map respects factorization prod-
ucts.
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Chapter 5

BF Theory on R≥0: An Example

In this chapter, we consider the quantization of one-dimensional BF theory on the man-
ifold M = R≥0. We will impose the B boundary condition at t = 0. (See Examples
2.2.11 and 2.2.23 for the relevant definitions.) One-dimensional BF theory is topological
mechanics valued in the symplectic formal moduli problem T∗Bg. However, because BF
theory involves the bracket on g, we find that we will need the full interacting formalism
of Chapter 4 to construct factorization algebras of observables. Hence, this example will
be a perfect one on which to cut our teeth, and on which to test the predictions of the
general theory.

The main theorems of this chapter 1) show that a quantization of this bulk-boundary
system exists and 2) describe the observables of the bulk-boundary system in terms of
familiar representation-theoretic objects associated to g.

We note that this bulk-boundary system has been studied by Alekseev and Mnëv in
[AM11], so we make no claims of being the first to study this system. What is novel,
however, are the heat kernel and factorization-algebraic methods used to study it.

Theorem 5.0.1. Let g be a uni-modular Lie algebra (i.e. the trace of x ∈ g in the adjoint
representation vanishes for all x). Let I be the classical interaction of one-dimensional
g-BF theory with B boundary condition at t = 0. Choose the standard Riemannian metric
on R≥0 and choose QGF = d∗ for this choice of metric. Then, the collection of action
functionals

I[L] = lim
ε→0

W (P(ε, L), I) (5.0.1)

defines a quantum bulk-boundary system.

It is a standard argument to show that I[L] is only polynomial in h̄. (In fact, it contains
only h̄0 and h̄1 terms.) Moreover, observable RG flow and the differential on the quantum
observables have the following properties:

1. They either decrease or keep the same the degree of polynomial dependence on the
B-fields of observables.
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2. If they increase the degree of dependence of an observable on h̄, they decrease the
degree of dependence on the B-field observables.

Hence, we may form a factorization algebra Obsq
E ,L ,poly of quantum observables which

have a polynomial dependence on h̄ and on the B-fields.

Theorem 5.0.2. Let g be a unimodular Lie algebra (i.e. the trace of x ∈ g over the adjoint
representation is 0 for all x). Then, for the one-dimensional BF bulk-boundary system, we
have quasi-isomorphisms (of pointed chain complexes)

C•(g)→ Obsq
E ,L ,poly(R≥0)⊗R[h̄] Rh̄=1 (5.0.2)

and
C•(g, C•(g))→ Obsq

E ,L ,poly(R>0)⊗Rh̄=1. (5.0.3)

Remark 5.0.3: Let us comment on how we expect Theorems 5.0.1 and 5.0.2 to change if the
unimodularity hypothesis on g is lifted. First of all, we believe the results of Theorem 5.0.1
to stand unchanged. As for the statement concerning the observables, we string together
the following observations. First, note that that similar comptuations to those performed
in Section 2.3 show that the complex of local functionals for this bulk-boundary system
is equivalent to C•(g)[1]. Note that the zeroth cohomology of the complex of function-
als gives the space of deformations of a given quantum theory, and the first cohomology
of the complex gives the space of possible obstructions to quantization. (In particular,
for g semi-simple, there exists a unique quantization of the bulk-boundary system.) For
non-unimodular g, the trace in the adjoint representation gives a one-parameter family
of deformations of any quantization of our bulk-boundary system at hand. These quan-
tizations correspond to a modification of the local interaction functional at order h̄ by an
interaction term

Iω(α) =
∫
R≥0

ω(α).

On the purely algebraic side of the question, given ω ∈ H1(g), we can define C•,ω(g)
by “twisting” the Chevalley-Eilenberg complex byω. Then, we expect that the quantiza-
tion of the bulk-boundary system with interaction I + h̄Iω to give rise to the complexes
C•,ω+trg(g) and C•(g, C•,ω+trg(g)) on the boundary and in the bulk, respectively. ♦

Remark 5.0.4: Before setting h̄ = 1, both Obsq
E ,L ,poly(R≥0) and Obsq

E ,L ,poly(R>0) possess
BD0 structures. We believe, though do not show, that Theorem 5.0.2 may be refined to a
statement about BD0 algebras.

From a different perspective, the factorization algebra

Obsq
E ,L ,poly|R>0 (5.0.4)

will be manifestly locally constant, hence will define an E1 algebra, or equivalently a dg
associative algebra. We believe that the resulting algebra structure on C•(g, C•(g)) is the
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following one, which appears in [KS87]. Let {ta}`a=1 form a basis for g and {ta} the dual
basis. Consider the graded algebra Cl(g) whose generators are

{ea, eb}`a,b=1. (5.0.5)

The ea reside in cohomological degree –1 and the ea reside in cohomological degree +1.
The relations in Cl(g) are simply the Clifford relations

[ea, eb] = 2δa
b. (5.0.6)

The set {ea, eb} forms an ordered basis for g⊕ g∨; hence, we have a PBW isomorphism

Cl(g) ∼= Sym(g[1]⊕ g∨[−1]); (5.0.7)

the latter object is the underlying graded vector space for C•(g, C•(g)). Define the struc-
ture constants f ab

c by
[ta, tb] = f ab

c tc (5.0.8)

(we use the Einstein summation convention here). One may check by direct computation
that—under the assumption of unimodularity of g—the differential[

f ab
c ea eb ec, ·

]
(5.0.9)

on Cl(g) corresponds to the Chevalley-Eilenberg differential on C•(g, C•(g)) under the
PBW isomorphism.

In this way, the complex C•(g, C•(g)) becomes a dg associative algebra. Let A be this
dg associative algebra, and let FA be the locally constant factorization algebra on R>0
which assigns A to any connected open subset of R>0.

Conjecture. There is an equivalence of factorization algebras (or a zigzag of equivalences)

FA → Obsq
E ,L ,poly

∣∣∣
R>0

(5.0.10)

which refines the result of Theorem 5.0.2.

To prove such a conjecture would require a detailed study of the factorization product
in the bulk, which we do not do here. ♦

The following higher-dimensional generalizations of Theorems 5.0.1 and 5.0.2 seem
natural from this perspective, and we present them as a conjecture.

BF theory with B boundary condition is a well-defined bulk-boundary system on Hn

for any n. Moreover, let π : Hn → Rn−1 denote the projection to the boundary.

Conjecture. BF theory with the B boundary condition possesses a quantization on Hn for
any n. Further, there are quasi-isomorphisms:

Fg,n−1 → π∗Obsq
E ,L ,poly⊗R[h̄]Rh̄=1
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HH•(Fg,n−1)→ π∗

(
Obsq

E ,L ,poly

∣∣∣
Rn−1×R>0

⊗R[h̄] Rh̄=1

)
of factorization algebras on Rn−1, where Fg,n−1 is the (n− 1)-factorization envelope of g,
introduced in Example 1.5.10 and HH•(Fg,n−1) is a factorization-algebraic model for the
En−1 center of this locally constant factorization algebra.

We hope that similar techniques to the ones used here can be used to prove these
claims.

We devote the remainder of the chapter to the proof of Theorems 5.0.1 and 5.0.2. We
start in Section 5.1 by writing down explicit formulae for the heat kernels and propagators
for the bulk-boundary system. In Section 5.2, we prove Theorem 5.0.1. In Section 5.3, we
prove Theorem 5.0.2.

5.1 Extracting the Heat Kernel and Propagators
In this section, we write down explicit formulae for the heat kernel and propagators for
1D BF theory on R≥0 with B boundary condition.

The underlying free theory of one-dimensional BF theory is topological mechanics
with values in the symplectic vector space g[1]⊕ g∨[−1]. Hence, we have that MDBL

∼= R
and

EDBL = Ω•R ⊗ (g[1]⊕ g∨[−1]). (5.1.1)

The involution σ simply sends t 7→ −t in MDBL. At the level of EDBL, σ acts by −σ∗ on
the A fields and by σ∗ on the B fields.

Choosing the standard Euclidean metric on R≥0 (and hence, on R), we define QGF = δ,
where δ is the formal adjoint to the de Rham differential.

Hence, [Q, QGF] is the standard Hodge Laplacian for the Euclidean metric on R≥0 and
R.

Let us choose a basis {ta} for g and choose {ta} its dual basis. We write

t a
a := ∑

a
ta ⊗ ta (5.1.2)

and
ta

a := ∑
a

ta ⊗ ta. (5.1.3)

Under the identifications g∨ ⊗ g ∼= Hom(g, g) and g⊗ g∨ ∼= Hom(g∨, g∨), t a
a and ta

a
correspond to the identity operators on the respective spaces. However, given that one
may also identify Hom(g, g) ∼= Hom(g∨, g∨) (via the transpose map), we have introduced
the symbols ta

a and t a
a to make clear to which spaces the symbols most naturally belong

(namely g⊗ g∨ and g∨ ⊗ g, respectively).
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Having made these identifications, and letting f0 be a compactly-supported even func-
tion on R which is identically 1 in a neighborhood of 0, we can construct the following
smooth section of EDBL � EDBL on R2:

K̃L(t1, t2) :=
f0(t1 − t2)√

4πL
e−

(t1−t2)
2

4L (dt1 − dt2)(ta
a + t a

a ). (5.1.4)

It is straightforward to verify that KL is a fake heat kernel for the operator [Q, QGF] on
R. We may therefore form the parametrix

Φ̃L(t1, t2) =
∫ L

0
K̃L′dL′. (5.1.5)

and the propagator

P̃(ε, L) =
∫ L

ε
(QGF ⊗ 1)KL′dL′ (5.1.6)

=
f0(t1 − t2)(t1 − t2)√

4π
(ta

a + t a
a )

∫ L

ε

e−
(t1−t2)

2

4L′

(L′)3/2
dL′. (5.1.7)

Upon taking ε→ 0 and L→ ∞, we find

P̃(0, ∞) = f0(t1 − t2) sgn(t1 − t2)(ta
a + t a

a ), (5.1.8)

which coincides with what we found in Example 4.3.9.
The following formula explicitly describes the σ-invariant propagator corresponding

to P̃(ε, L):

P(ΦL −Φε) =
f0(t1 − t2)(t1 − t2)

4
√
π

(ta
a + t a

a )
∫ L

ε

e−
(t1−t2)

2

4L′

(L′)3/2
dL′

+
f0(t1 + t2)(t1 + t2)

4
√
π

(ta
a − t a

a )
∫ L

ε

e−
(t1+t2)

2

4L′

(L′)3/2
dL′. (5.1.9)

Finally, we write the BV heat kernel associated to these propagators:

KΦL(t1, t2) =
f0(t1 − t2)√

4πL
e−

(t1−t2)
2

4L (dt1 − dt2)(ta
a + t a

a )

+
f0(t1 + t2)√

4πL
e−

(t1+t2)
2

4L (dt1 + dt2)(ta
a − t a

a ) + R(t1, t2, L), (5.1.10)

where R is a smooth, properly-supported function on (R≥0)
3 which vanishes to all orders

in L as L→ 0. More precisely, for all d ∈ Z,

lim
L→0

1
Ld R(·, ·, L) = 0 (5.1.11)
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in the locally convex topological vector space of functions on (R≥0)
2.

Equations (5.1.9) and (5.1.10) will be used extensively to prove Theorems 5.0.1 and
5.0.2.

5.2 Quantization of the Bulk-Boundary System: Proof of
Theorem 5.0.1

The proof of Theorem 5.0.1 can be broken into two propositions:

Proposition 5.2.1. The limit

I[L] = lim
ε→0

W (P(ε, L), I) (5.2.1)

exists in the topology underlying the convenient vector space of functionals.

It follows directly from their definition that the interaction functionals I[L] satisfy the
RG flow equation and the asymptotic locality condition of Definition 4.4.16. Hence, The-
orem 5.0.1 follows directly from Proposition 5.2.1 and the following Proposition:

Proposition 5.2.2. The family of interactions {I[L]} satisfies the QME.

Proof of Proposition 5.2.1. As is conventional for BF theory, we view the diagrams appear-
ing in

W (P(ε, L), I) (5.2.2)

as being directed; all vertices have two “in” half-edges and one “out” half-edge. It follows
from this description of the diagrams appearing in W (P(ε, L), I) that only tree and one-
loop diagrams appear therein. Lemma 4.4.23 shows that the the tree diagrams appearing
in W (P(ε, L), I) admit an ε → 0 limit. It remains to show that the one-loop diagrams
appearing are finite. Because we are in one dimension, we obtain a further simplification:
since the propagator is a zero-form on M × M, and since each trivalent vertex requires
at least one one-form input, the only one-loop diagrams appearing in W (P(ε, L), I) are
wheels, i.e. one-loop diagrams which remain connected when one edge is severed. Such
diagrams are specified by their number of internal vertices, for which we use the symbol
k. Figure 5.1 shows one such diagram, with k = 3.

Such diagrams require the placement of a compactly-supported, g⊗k-valued k-form
( f dt1 · · · dtk)⊗κ as an external input. (Here κ ∈ g⊗k.) Further, each propagator is a sum
of two-terms, one a function of t1 − t2, and the other a function of t1 + t2.

The weight wk(ε, L, {( f dt1 · · · dtk)⊗κ}k
i=1) can be written as a product

wan
γ,k(ε, L, f )walg

γ,k(κ), (5.2.3)

where walg
γ,k(κ) depends only on Lie algebraic information in g.
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Figure 5.1: A typical wheel appearing in one-dimensional BF theory. Here, k = 3.

Let
β ∈ Set({1, . . . , k}, {−1, 1}) (5.2.4)

be any function. For each i ∈ {1, . . . , k}, let ui = ti − β(i)ti+1, with the convention that
tk+1 = t1. The analytic weight associated to a diagram with k vertices is therefore a sum–
as β varies over all possible functions

{1, . . . , k} → {−1, 1} (5.2.5)

associating a sign to each internal edge of the wheel diagram–of weights of the form:

wan
k,β(ε, L, f ) :=

∫
[ε,L]k

∫
(R≥0)k

f (t1, . . . , tk)

 k

∏
i=1

ui f0(ui)√
4π

×
exp

(
− (ui)

2

4Li

)
(Li)3/2

 dt1 . . . dtk dL1 . . . dLk.

(5.2.6)

Let us perform the integral over the Li variables:

∫ L

ε

exp
(
− (ui)

2

4Li

)
(Li)3/2

dLi =
2
ui

∫ ui/(2
√
ε)

ui/(2
√

L)
e−v2

dv. (5.2.7)

We therefore find

wan
k,β(ε, L, f ) =

1
πk/2

∫
(R≥0)k

f (t1, . . . , tk)

(
k

∏
i=1

f0(ui)
∫ ui/(2

√
ε)

ui/(2
√

L)
e−v2

dv

)
dt1 · · · dtk. (5.2.8)
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We claim that(
lim
ε→0

wan
k,β(ε, L)

)
( f ) =

1
πk/2

∫
(R≥0)k

(
f (t1, . . . , tk)

k

∏
i=1

f0(ui)
∫ ∞

ui/(2
√

L)
e−v2

dv

)
dt1 · · · dtk.

(5.2.9)
Let us denote by wan

k,β(0, L) the distribution appearing on the right-hand side of the above
equation. Of course, it is intuitively clear that wan

k,β(0, L) is the ε → 0 limit of wan
k,β(ε, L),

and it is certainly true that(
lim
ε→0

wan
k,β(ε, L, f )

)
= wan

k,β(0, L)( f ) (5.2.10)

for each f . However, we need to show that this convergence is uniform as f varies over a

bounded subset of E
⊗̂βk
L ,c . On a bounded subset B of E

⊗̂βk
L ,c , there exist C > 0 and a compact

K ⊂ Mk so that
supp(g) ⊂ K, |g|< C (5.2.11)

for all g ∈ B. Let us choose δ > 0 and divide the integral in Equation (5.2.8) into one over
k + 1 regions

1. The region R consisting of points for which |ui|> δ for all i,

2. The k regions S1, . . . , Sk, where Si consists of those points for which |ui|≤ δ.

Note that R is disjoint from each of the Si, but the Si are not pairwise disjoint. We may
form the bound:

πk/2
∣∣∣wan

k,β(ε, L)( f )− wan
k,β(0, L)( f )

∣∣∣ ≤∫
R
| f (t1, . . . , tk)|

k

∏
i=1
| f0(u1)|

∫ ∞
ui/(2

√
ε)

e−v2
dv +∑

i

∫
Si

| f (t1, . . . , tk)|
k

∏
i=1
| f0(u1)|

∫ ∞
ui/(2

√
ε)

e−v2
dv

≤ Cvol(K)
k

∏
i=1

(∫ ∞
δ/(2
√
ε)

e−v2
dv
)

+ πk/2
∑

i

∫
Si∩K

C. (5.2.12)

We may assume K is a hypercube of side-length z. Then, we have the bound

vol(Si) ∩ K ≤ 2
√

2δzk−1. (5.2.13)

Thus, by choosing δ sufficiently small, we can make the integral over the Si as small as
we like. Having fixed such a δ, we may also make a choice of sufficiently small ε to
make the integral over R sufficiently small. These choices required only knowledge of K
and C, which are uniform constants for all g ∈ B, i.e. these are uniform choices for the

given bounded subset of E
⊗̂βk
L ,c which we are considering. This completes the proof of the

Proposition.
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Proof of Proposition 5.2.2. At each finite L, we may form the scale-L obstruction

O[L] :=
1
h̄

(
QI[L] +

1
2
{I[L], I[L]}L + h̄∆L I[L]

)
. (5.2.14)

As we have seen, the obstruction O[L] satisfies a version of classical RG flow. Hence, it
admits a limit

O := lim
L→0

O[L] (5.2.15)

which is local. The argument which gives the equation immediately preceding Equation
(C.3) of [LL16] shows that

O = lim
L→0

lim
ε→0

d
dδ

W
(

P(ε, L), I + δ
(

QI +
1
2
{I, I}ε + h̄∆ε I

))
= lim

L→0
lim
ε→0

d
dδ

W
(

P(ε, L), I + δ
(

1
2
{I, I}ε + h̄∆ε I

))
= lim

L→0
lim
ε→0

d
dδ

W
(

P(ε, L), I + δ
1
2
{I, I}ε

)
(5.2.16)

where for the second equality we have used that QI = 0 for BF theory (and in fact, for
any classical theory which can be described by a dgla as opposed to an L∞-algebra). In
the third equality, we have used the uni-modularity of g to show that ∆ε I = 0. From
this description of the obstruction, it follows that we need to consider–as in the proof
of Proposition 5.2.1–weights associated to wheel diagrams with at least 2 vertices, and
one edge marked with Kε rather than P(ε, L). In the case at hand, it is now possible to
introduce “one-particle reducible” diagrams, i.e. a wheel with a tree attached to it. In
other words, the diagrams appearing in the obstruction are wheels with a tree attached
to at most one internal vertex. However, it suffices to show that the obstruction vanishes
by considering wheels, since we know trees to give finite contributions. As in the proof
of Proposition 5.2.1, we are left to consider weights of the form

Oan
k,β(ε, L, f ) :=

∫
[ε,L]k−1

∫
(R≥0)k

f1(t1, . . . , tk)

 f0(uk) exp
(
− (uk)

2

4ε

)
√

4πε
− R(tk, t1,ε)



×
k−1

∏
i=1

ui
f0(ui)√

4π
×

exp
(
− (ui)

2

4Li

)
(Li)3/2

 dt1 . . . dtk dL1 . . . dLk−1 (5.2.17)

Because Kε is a one-form, the external half-edge incident on either the k-the vertex or the
first vertex corresponds to a zero-form A-field input. Let us assume without loss of gen-
erality that this is the case for the k-th input. It follows that f (t1, . . . , tk) = tkg(t1, . . . , tk)
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for some continuous function g. Let us first assume that k > 2, and let us perform the
integrals over the Li. We find that

Oan
k,β(ε, L, f ) =∫

(R≥0)k
f (t1, . . . , tk)

(
k−1

∏
i=1

f0(ui)√
π

∫ ui/
√

4ε

ui/
√

4L
e−v2

dv

)
(

f0(uk) exp
(
− (uk)

2

4ε

)
√

4πε
− R(tk, t1,ε)

)
dt1 . . . dtk, (5.2.18)

where ui = ti − β(i)ti+1. The remainder R(tk, t1,ε) is smooth in its variables and has
proper support. It and all its derivatives vanish to all orders in ε uniformly in t1, tk as
ε→ 0, cf. Equation (5.1.11). Since we have the bound

f0(ui)√
π

∫ ui/2
√
ε

ui/2
√

L
e−v2

dv ≤ 1, (5.2.19)

the part of Oan
k,β(ε, L, { fi}) involving R(tk, t1,ε) vanishes to all orders in ε as ε→ 0.

Next, let us consider∣∣∣∣∣∣
∫ ∞

0
f (t1, . . . , tk) f0(uk−1) f0(uk)

exp
(
− (uk)

2

4ε

)
√

4πε
dtk

∣∣∣∣∣∣
≤ 1√

4πε

∫ ∞
0
| f (t1, . . . tk) f0(uk−1) f0(uk)| e−

u2
k

4ε dtk ≤
C√
4πε

∫ ∞
−∞ e−

u2
k

4ε duk ≤
C
2

, (5.2.20)

where C is the maximum value of | f f0 f0| on (R≥0)
k. Let K be the support of f ; we use

the crude bound of Equation (5.2.19) for i = k− 1 and the bound of Equation (5.2.20) to
obtain

|Oan
k,β(ε, L, f )|≤ C′

2

∫
K

(
k−2

∏
i=1

1√
π

∫ ui/
√

4ε

ui/
√

4L
e−v2

dv

)
dt1 · · · dtk−1 . (5.2.21)

Proceeding very similarly to the way we did in the proof of Proposition 5.2.1, we find that
the ε→ 0, L→ 0 limit of the above is 0.

It remains to consider the integral∫
[ε,L]

∫
(R≥0)2

f (t1, t2)
f0(u1) f0(u2)u1

4π
√
ε(L1)3

exp
(
− (u1)

2

4L1
− (u2)

2

4ε

)
dt1 dt2 dL1 . (5.2.22)

There are four cases to consider here, corresponding to the four signs in u1 = t1 ± t2,
u2 = t2 ± t1. We divide these cases into three classes:

β(1) = β(2) (C1)
β(1) = 1 = −β(2) (C2)
β(1) = −1 = −β(2) (C3)
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Let us suppose that we are in case (C1). Then

u1

L1
exp

(
− (u1)

2

4L1
− (u2)

2

4ε

)
= − ε

ε+ L1

∂

∂t1
exp

(
− (u1)

2

4L1
− (u2)

2

4ε

)
. (5.2.23)

The same identity holds (up to, possibly, a minus sign, depending onβ(1)) if one replaces
the t1-derivative with a t2 derivative. It is at this point that we remember that f (t1, t2)
vanishes either at t1 = 0 or t2 = 0. Let us assume without loss of generality that it
vanishes at t1 = 0; the opposite case is handled by using the t2-case of Equation (5.2.23).
Let

τ :=
ε

ε+ L1

∂

∂t1
. (5.2.24)

The quantity appearing in Expression (5.2.22) may therefore be written∫
[ε,L]

∫
(R≥0)2

τ

(
f (t1, t2)

f0(u1) f0(u2)

4π

)
1√
εL1

exp
(
− (u1)

2

4L1
− (u1)

2

4ε

)
dt1 dt2 dL1 ,

(5.2.25)
using an integration by parts; the boundary condition on f prevents the existence of a
boundary term. The operator τ is bounded, and therefore continuous on the LF-space

E
⊗̂β2
L ,c . Hence, the term τ(· · ·) appearing in Equation (5.2.25) may be bounded by a con-

stant C which is a uniform choice as f varies over a bounded subset of E
⊗̂β2
L ,c . Let K ⊂ R≥0

denote the volume of the closure of the set

{c ∈ R | c = t1 +β(1)t2, f (t1, t2) 6= 0}; (5.2.26)

the compact support of f guarantees that K < ∞. We therefore have the bound

|Oan
k,β(ε, L, f )|≤ CK

∫
[ε,L]

∫
R

1√
εL1

exp
(
−
(

1
4L1

+
1
4ε

)
(u1)

2
)

du1 dL1 = 2KC
(√

L +ε−
√

2ε
)

.

(5.2.27)
It follows that, for β belonging to class (C1),

lim
L→0

lim
ε→0
|Oan

k,β( f )|= 0. (5.2.28)

Let us now proceed to consider the cases (C2) and (C3). Let us define, for both cases,
u = t1 + t2 and v = t1 − t2. (Hence, for (C2), we have u1 = v, u2 = u, and vice versa for
(C3).) Then, we are left to consider the integrals∫

[ε,L]

∫
(R≥0)2

f (t1, t2)
f0(v) f0(u)v
4π
√
ε(L1)3

exp
(
− v2

4L1
− u2

4ε

)
dt1 dt2 dL1 (C2)

∫
[ε,L]

∫
(R≥0)2

f (t1, t2)
f0(u) f0(v)u
4π
√
ε(L1)3

exp
(
− u2

4L1
− v2

4ε

)
dt1 dt2 dL1 . (C3)

(5.2.29)
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We may bound the norm of the factors f (t1, t2) f0(u1) f0(u2)/(4π) in the above integrals,
and change to the (u, v) coordinate system on (R≥0, to find that the integrals in Equation
(5.2.29) are bounded by

C
∫
[ε,L]

∫ ∞
0

∫ u

−u

|v|√
ε(L1)3

exp
(
− v2

4L1
− u2

4ε

)
dv du dL1 (C2)

C
∫
[ε,L]

∫ ∞
0

∫ u

−u

u√
ε(L1)3

exp
(
− u2

4L1
− v2

4ε

)
dv du dL1 (C3)

. (5.2.30)

We find the following explicit value for the integral (C2) in Equation (5.2.30):

C′
∫
[ε,L

dL1

(
1√
L1
− 1√

ε+ L1

)
, (5.2.31)

where C′ is some constant differing from C by factors independent of ε, L, and f . This
integral manifestly vanishes once we take ε → 0 and then L → 0. For the case (C3), we
may bound the integral by integrating over v ∈ (−∞, ∞) instead of v ∈ (−u, u), and we
find

C
∫
[ε,L]

∫ ∞
0

∫ ∞
−∞

u√
ε(L1)3

exp
(
− u2

4L1
− v2

4ε

)
= C′′

∫
[ε,L]

1√
L1

dvdudL1 = 2C′′
(√

L−
√
ε
)

,

(5.2.32)
which manifestly vanishes under the ε→ 0, L→ 0 limit. This completes the proof.

5.3 The Observables of One-Dimensional BF Theory
In this section, we prove Theorem 5.0.2. We break the Theorem up into two Propositions.

Proposition 5.3.1. For the one-dimensional BF theory with B boundary condition, we
have a quasi-isomorphism

C•(g)→ Obsq
E ,L ,poly(R≥0)⊗R[h̄] Rh̄=1 (5.3.1)

of pointed cochain complexes.

Proposition 5.3.2. For the one-dimensional BF theory with B boundary condition, we
have a quasi-isomorphism

C•(g, C•g)→ Obsq
E ,L ,poly(R>0)⊗Rh̄=1. (5.3.2)

of pointed cochain complexes.
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Proof of Proposition 5.3.1. Let us begin by defining a linear map

O∗ : Sym(g[1])→ Obsq
E ,L ,poly(R≥0)⊗R[h̄] Rh̄=1. (5.3.3)

Let, forω ∈ Symk(g[1]), Oω[0] denote the following function of order k on the space of B
fields

Oω[0](β⊗ (χ1 ∧ · · · ∧ χk)) = (−1)|β|k(ι∗(0,...,0)β)(χ1 ∧ · · · ∧ χk)(ω), (5.3.4)

where β is a form on (R≥0)
k, the χi ∈ g∨, and ι(0,...,0) is the inclusion of the origin

into (R≥0)
k. We define

Oω[Φ] = lim
ε→0

d
dδ

W (P(Φε, Φ), I + δOω[0]) . (5.3.5)

Lemma 5.3.4 shows that this limit exists.
Moreover,

WΨ
Φ(Oω[Φ])

=
d

dδ

(
W
(

P(Φ, Ψ), I[Φ] + δ lim
ε→0

d
dδ′

W
(

P(Φε, Φ), I + δ′Oω[0]
)))

=
d

dδ

(
W
(

P(Φ, Ψ), lim
ε→0

W (P(Φε, Φ), I) + δ lim
ε→0

d
dδ′

W
(

P(Φε, Φ), I + δ′Oω[0]
)))

=
d

dδ

(
W
(

P(Φ, Ψ), lim
ε→0

W (P(Φε, Φ), I + δOω[0])
))

= lim
ε→0

d
dδ

(W (P(Φε, Ψ), I + δOω[0]))

= Oω[Ψ], (5.3.6)

which shows that Oω[Φ] satisfies the RG flow equation for observables.
Now, let Q̂Φ denote the total differential

Q + {I[Φ], ·}Φ + ∆Φ (5.3.7)

on the scale Φ observables.
We would like to show that

Q̂ΦOω[Φ] = OdCEω[Φ]. (5.3.8)

That is the content of Lemma 5.3.5, below. This completes the construction of a cochain
map

Υ : C•(g)→ Obsq
E ,L ,poly(R≥0)⊗R[h̄] Rh̄=1. (5.3.9)
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It is manifest that Υ sends the point 1 ∈ C•(g) to the point

1 ∈ Obsq
E ,L ,poly(R≥0)⊗R[h̄] Rh̄=1.

To show that Υ is a quasi-isomorphism, we note that both sides are filtered—the left-hand
side by degree in the symmetric algebra, and the right-hand side by degree of dependence
on B fields—and the map Υ preserves this filtration. The associated graded object on the
left-hand side is Λ−•g, while the associated graded on the right-hand side is the algebra
of global observables for the bulk-boundary system. The associated graded map Υ is the
inverse quasi-isomorphism of Proposition 2.5.2. Hence Υ is also a quasi-isomorphism;
this completes the proof.

Proof of Proposition 5.3.2. The proof is similar to the proof of 5.3.1, and combines Lemmas
5.3.4 and 5.3.6, and Proposition 2.5.2

First, for α ∈ Symk(g[1]⊕ g∨[−1]) and a fixed t > 0, we will define a function Oα,t[0]
on the space of fields as follows. Letφ ∈ Ω•(Rk

≥0)⊗ (g[1]⊕ g∨[−1])⊗k.
Let ιt : {∗} → (R≥0)

k denote the inclusion of the point (t, . . . , t) into (R≥0)
k. We

define
Oα,t[0](φ) = α(ι∗tφ), (5.3.10)

where we have used the natural pairing on Symk(g[1]⊕g∨[−1]) to pairα and ι∗tφ. Lemma
5.3.4 shows that Oα,t[0] gives rise to a global observable for the one-dimensional BF theory.
This observable is manifestly supported on R>0 ⊂ R≥0; in fact, it is supported on any
open neighborhood of {t}.

We must now show that the differential on the quantum observables induces the
desired one on Sym(g[1] ⊕ g∨[−1]). To this end, we will study C•(g, C•(g)) not in its
standard incarnation, but in the following form. The underlying graded vector space
of C•(g, C•(g)) is Sym(g[1]⊕ g∨[−1]), and the symbols ta, ta generate this symmetric al-
gebra. Let ∂a = ∂

∂ta and ∂a = ∂

∂ta
. Define (using the Einstein summation convention

throughout)
∂tr := ∂a∂

a, dq := e∂tr dC•(g,C•(g))e
−∂tr ; (5.3.11)

One may check that dq has the following expression:

1
2

f ab
c tatb∂

c + f ab
c tbtc

∂a +
1
2

f ab
c ∂a∂b∂

c. (5.3.12)

The first two terms in the above expression constitute the differential on C•(g, Sym(g[1]));
the third has a geometric interpretation described in Remark 5.3.3.

Let us denote by O
q
P0
(T∗Bg) the graded vector space Sym(g[1]⊕ g∨[−1]) together with

the differential dq. Lemmas 5.3.4 and 5.3.6 establish a cochain map from O
q
P0
(T∗Bg) into

the quantum observables. The map preserves the natural filtrations on both sides—the fil-
tration by symmetric powers of g[1] in O

q
P0
(T∗Bg) and the filtration by symmetric powers
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of dependence on the B-fields in the quantum observables, and is manifestly the inverse
to the map constructed in Proposition 2.5.2 at the level of associated graded spaces. The
Proposition follows.

Remark 5.3.3: Let us comment briefly on the notation O
q
P0
(T∗Bg) for the cochain com-

plex introduced above. The cochain complex C•(g, Sym(g[1])) can be understood as
the algebra of functions on the 0-shifted symplectic formal moduli problem T∗Bg. An
avatar of this fact is that the above algebra is manifestly a dg Poisson, or P1, algebra. By
Poisson/Rozenblyum-Safronov additivity [Saf18a], one may view a P1 algebra as an alge-
bra in the category of P0-algebras. In particular, one may forget a P1 structure on a space
down to a (homotopy) P0 structure. Proposition 2.16 of [Saf18b] can be adapted [Saf] to
show that the homotopy P0 structure on C•(g, Sym(g[1])) is described by a vanishing
bivector and the degree +1 trivector

f ab
c ∂a ∧ ∂b ∧ ∂

c; (5.3.13)

the differential dq described above is precisely the deformation of the Chevalley-Eilenberg
differential on C•(g, Sym(g[1])) by the BV Laplacian associated to this P0 structure. ♦

In the remainder of this section, we prove the technical lemmas which were neces-
sary in the proofs of Propositions 5.3.1 and 5.3.2. First, we construct observables Oω
(respectively Oα,t) with support in R≥0 (respectively, R>0) for each ω ∈ Sym(g[1]) (re-
spectively,α ∈ Sym(g[1]⊕ g∨[−1])):

Lemma 5.3.4. Let Oω[0], Oα,t[0] be as in the proofs of Propositions 5.3.1 and 5.3.2, respec-
tively. Then the limits

Oω[Φ] = lim
ε→0

WΦ
Φε
(Oω[0])

Oα,t[Φ] = lim
ε→0

WΦ
Φε
(Oα,t[0]) (5.3.14)

exist in the natural topology on O(EL (R≥0)).

Proof. It suffices to check this for Φ = ΦL, since the continuity of RG flow will guaran-
tee that this limit exists for any other parametrix Φ. A diagram γ representing a term
in WΦL

Φε
(Oω[0]) (respectively, WΦL

Φε
(Oα,t[0])) can be decomposed as follows. First note

that—supposing ω ∈ Symk(g[1]) (respectively,m α ∈ Symk(g[1]⊕ g∨[−1]))—γ consists
of one special vertex with k “out” half-edges and any number of vertices of valence 3
with two “in” half-edges and one “out” half-edge. Let us sever any edges incident on
the special vertex. The result is a disconnected graph consisting of an isolated k-valent
vertex; some number of “loose” edges that, in γ, connect pairs of half-edges of the special
vertex; and a disjoint union of graphs appearing in W (P(ε, L), I). Let us call the con-
nected graphs of this latter form “type I graphs.” The edges in the original graph γ which
connect the special vertex to the type I graphs simply tell us where to input the smooth
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function P(ΦL −Φε)(t1 = t, t2) as inputs into the type I graphs. Let us observe a number
of further simplifications which can be made on the graphs appearing in WΦL

Φε
.

First, note that the “loose” edges can only appear for the observable Oα,t[0], since Oω[0]
has only “out” half-edges, which cannot join to form edges. The “loose” edges contribute
factors of

4 f0(2t)√
4π

∫ t/
√
ε

t/
√

L
e−v2

dv, (5.3.15)

which manifestly possesses an ε → 0 limit. Hence, we may assume without loss of gen-
erality that no such “loose” edges appear in γ, as they contribute a convergent factor.

Now, we assess which type I graphs may occur in a diagram γ. Note that type I wheel
graphs cannot appear, since such a diagram would involve three propagators incident on
a single vertex; because the propagator is a zero-form, and a vertex requires exactly one
one-form input, such an incidence of propagators yields zero. We may further assume
that exactly one type I tree appears, since the analytic weight associated to multiple trees
will simply be a product of weights associated to the individual components. To describe
the analytic part of the weights of diagrams with one type I tree, let us denote by γ′ this
single tree. Let E(γ′) denote the set of (internal) edges of γ′. Let T(γ′) denote the set of
external edges or tails of γ′. Let IT(γ′) ⊂ T(γ′) denote the set of tails which are connected
to the special vertex in γ. Let V(γ′) denote the set of (internal) vertices of γ′, and choose
some bijection {1, . . . , m} → V(γ′). For any e ∈ E(γ′), let vb(e) denote the vertex at the
beginning of e and ve(e) denote the vertex at the end of e (our graphs are directed; hence,
this is well-defined). Similarly, for any p ∈ IT(γ′), let vi(p) denote the vertex in γ′ to
which it is attached. Let β : E(γ′) → {−1, 1} be a labeling of the edges of γ′ by elements
of Z/2Z. Finally, let t1, . . . , tm be the natural coordinates on (R≥0)

V(γ′) induced from the
fixed bijection {1, . . . , m} → V(γ′), and

ue = tvb(e) −β(e)tve(e), e ∈ E(γ′) (5.3.16)

up = tvi(p), p ∈ IT(γ′) (5.3.17)

Then, the analytic weight associated to γ is a sum over possibleβ of the following weight:

wan
β (ε, L, f ;O) :=

C
∫
(R≥0)m

f (t1, . . . , tm)

∏
f∈IT(γ′)

(
f0(u f )

∫ u f /
√

4ε

u f /
√

4L
e−v2

dv

)
∏

e∈E(γ′)

(
f0(ue)

∫ ue/
√

4ε

ue/
√

4L
e−v2

dv

)
dt1 · · · dtm.

(5.3.18)

It follows by the same sort of reasoning as in the proof of Proposition 5.2.1 that this inte-
gral admits a finite ε→ 0 limit uniformly in f .
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The remaining lemmas in this section show that the differential on Obsq
E ,L ,poly induces

the desired differentials on Sym(g[1]) and Sym(g[1]⊕ g∨[−1]).

Lemma 5.3.5. Let Q̂ denote the total differential on Obsq
E ,L (R≥0). The equality

Q̂Oω = OdCEω (5.3.19)

holds.

Proof. Let δ be a parameter of square-zero, and for J ∈ O(EL ,c), O ∈ O(EL ), define

DΦ J = QJ +
1
2
{J, J}Φ + ∆Φ J (5.3.20)

DΦ,JO = QO+ {J,O}Φ + ∆ΦO (5.3.21)

RΦ1 ,Φ2 ,J(O) =
d

dδ
W (P(Φ1, Φ2), J + δO) . (5.3.22)

Let us note a few identities which follow from these definitions:

DΦ(J + δO) = DΦ J + DΦ,JO (5.3.23)

WΨ
Φ(O) = RΦ,Ψ,I[Φ](O) (5.3.24)

(DΦ J)eJ = (Q + ∆Φ)eJ (5.3.25)

Q̂ΦO = DΦ,I[Φ]O (5.3.26)

Now, we apply the equation at the end of the proof of Lemma 9.2.2 of Chapter 5 of
[Cos11] (this equation encodes the compatibility of RG flow with the QME):

DΦ

(
W (P(Φε, Φ), I + δO)

)
exp

(
W (P(Φε, Φ), I + δO)

)
= exp

(
∂P(Φ−Φε)

)
DΦε(I + δO) exp(I + δO). (5.3.27)

Let us analyze the parts of this equation which are linear in δ. With the aim of compact-
ness of notation, let us set

IΦε := W (P(Φε, Φ), I) (5.3.28)

We find(
DΦ,IΦε (RΦε ,Φ,I(O)) +RΦε ,Φ,I(O)DΦ IΦε

)
exp

(
IΦε
)

= exp
(

∂P(Φ−Φε)

)
(ODΦε I + DΦε ,IO) exp(I)

= RΦε ,Φ,I (ODΦε I + DΦε ,IO) exp
(

IΦε
)

(5.3.29)
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Let us suppose that RΦε ,Φ,I(O) admits an ε→ 0 limit O[Φ] (which happens, for example,
if O = Oω[0]). Then, upon taking the ε → 0 limit on the left-hand side of Equation
(5.3.29), the term DΦ IΦε goes to zero by the arguments of Proposition 5.2.2. Meanwhile,
DΦ,IΦε O→ Q̂ΦO[Φ] as ε→ 0. We therefore find

Q̂ΦO[Φ] = lim
ε→0

RΦε ,Φ,I (ODΦε I + DΦε ,IO) . (5.3.30)

Let us simplify the right-hand side of Equation (5.3.30) in the case that O = Oω[0]. We
note that Oω[0] is Q- and ∆Φ-closed for all Φ; hence

DΦε ,IOω[0] = {I,Oω[0]}Φε . (5.3.31)

In the proof of Proposition 5.2.2, we saw that

DΦε I =
1
2
{I, I}Φε . (5.3.32)

We therefore find that Q̂ΦO[Φ] may be represented by the ε→ 0 limit of a sum of directed
graphs. The graphs appearing in this sum have the following properties:

• They have one special vertex of valence k, whereω ∈ Symk(g[1]), with only outgo-
ing half-edges.

• They have any number of trivalent vertices with two incoming half-edges and one
outgoing half-edge.

• There is a special edge, labelled by KΦε .

• The remaining edges are labelled by P(Φε, Φ).

To complete the proof, we will show

lim
L→0

Q̂ΦLOω[ΦL] = OdCEω[0]. (5.3.33)

A simple manipulation with the observable RG flow equation shows that Equation (5.3.33)
implies (5.3.8).

Let us first note that we will ignore the term R(t1, t2,ε) in KΦε , since this term vanishes
uniformly in t1, t2 to all orders in ε as ε → 0, so will cause the Feynman weights under
consideration to vanish.

We make an additional observation which reduces the number of Feynman graphs
γ under consideration. First, note that—as in the proof of Lemma 5.3.4—upon severing
the edges incident on the special vertex in γ, we obtain a disjoint union of connected
graphs appearing in W (P(Φε, ΦL), I). Precisely one of these connected graphs contains
the special edge, or is attached to the special vertex via the special edge. The remainder
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of the connected graphs are labelled on their edges by the propagator, and are attached
to the special vertex by a propagator. By arguments similar to those used in the proof of
Proposition 5.2.1, these will contribute 0 in the ε → 0, L → 0 limit. As long as the part of
the diagram containing the special vertex admits an ε → 0, L → 0 limit, we may ignore
these contributions. Hence, we may assume that γ consists of a single connected graph
appearing in the graphical expansion for I[Φε] attached to the special vertex. Precisely
one edge of γ is labeled by a heat kernel. We may assume that this edge is incident on
the special vertex of γ, for otherwise, because of the boundedness of the propagators
and because of Proposition 5.2.2, the resulting diagrams give a trivial ε → 0, L → 0
contribution.

To describe the analytic part of the weights of such diagrams, let us consider the graph
γ′ obtained by severing the edges incident on the special vertex in γ.

Let E(γ′) denote the set of (internal) edges of γ′.
Let T(γ′) denote the set of external edges or tails of γ′.
Let IT(γ′) ⊂ T(γ′) denote the set of tails which are connected to the special vertex in

γ via an edge labeled by a propagator. Let p0 denote the tail of γ′ which attaches to the
special vertex via the special edge.

Let V(γ′) denote the set of (internal) vertices of γ′, and choose some bijection

{1, . . . , m} → V(γ′).

of sets.
For any e ∈ E(γ′), let vb(e) denote the vertex at the beginning of e and ve(e) denote the

vertex at the end of e (our graphs are directed; hence, this is unambiguous). Similarly, for
any p ∈ IT(γ′) t {p0}, let vi(p) denote the vertex to which it is attached. Let β : E(γ′)→
{−1, 1} be a labeling of the edges of γ′ by elements of Z/2Z.

Finally, let t1, . . . , tm be the natural coordinates on (R≥0)
V(γ′) induced from the fixed

bijection {1, . . . , m} → V(γ′), and

ue = tvb(e) −β(e)tve(e), e ∈ E(γ′) (5.3.34)

up = tvi(p), p ∈ IT(γ′) t {p0} (5.3.35)

Then, the analytic weight associated to γ is a sum, as β varies over all possible set maps
E(γ′)→ Z/2Z, of the weights:

Oan
γ,β(ε, L, f ;Oω[0]) :=

C
∫
(R≥0)m

f (t1, . . . , tm) ∏
p∈IT(γ′)

(
f0(up)

∫ up/
√

4ε

up/
√

4L
e−v2

dv

)

×
f0(up0)√

ε
exp

(
−

u2
p0

4ε

)
∏

e∈E(γ′)

(
f0(ue)

∫ ue/
√

4ε

ue/
√

4L
e−v2

dv

)
dt1 · · · dtm. (5.3.36)
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?

· · ·

(a) The classical diagram

?

· · ·

(b) The quantum diagram. There are
two such diagrams, one for each choice
of red edge.

Figure 5.2: The diagrams contributing to the computation of Q̂Oω. The red edges are the
special ones.

.

As in the proof of Proposition 5.2.2, let us first suppose that there is an internal edge
e0 in γ′.

Let us suppose with some loss of generality that vi(p0) = v1 and vb(e0) = v2, vb(e0) =
v3 (there remains the possibility that e0 is incident on vi(p0)). For all e 6= e0 and p 6= p0,
we may bound the integral over v by

√
π ; hence, we obtain the bound

|Oan
γ,β(ε, L, f ;Oω[0])|≤ C′

∫
(R≥0)

e−
(up0 )

2

4ε
√
ε

dtvi(p0)

×
∫

K⊂(R≥0)m−1

(∫ ue0/
√

4ε

ue0/
√

4L
e−

u2
e0
4ε e−v2

)
dvdt1 · · · d̂tvi(p0) · · · dtm, (5.3.37)

where K is the (compact) intersection of the support of f with the (R≥0)
m−1 spanned by

all the ti excluding tvi(p0). The integral over tvi(p0) is independent of ε; the remaining
integral goes to zero as ε→ 0 and L→ 0.

Now, if e0 is incident on vi(p0), so we may assume vb(e0) = v1, ve(e0) = v2, then we
may change change coordinates to s1 = t1, s2 = t1 − β(e0)t2, s3 = t3, . . . , sm = tm. The
above bound then suffices once again.

It therefore remains to consider diagrams for which there is no such edge e0. Figure
5.2 shows the only two possible classes of such diagrams. We may assume without loss
of generality that ω ∈ g[1] for the first diagram, and for the second diagram that ω ∈
Sym2(g[1]).

The analytic weight associated to the first diagram is the following functional. Let
f ∈ C∞((R≥0)

2) be such that f (0, t2) = 0 for all t2. (This is an avatar of the enforcement
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of the boundary condition on the fields.) The classical diagram gives the weight:

O( f ) = lim
ε→0

∫ ∞
0
−2

f0(t) f (t, t)√
4πε

e−
t2
4εdt. (5.3.38)

Let us use that f (t, t) = tg(t) for some continuous, compactly-supported g. Then, we find
that

|O( f )|≤ C lim
ε→0

∫ ∞
0

t√
4πε

e−
t2
4εdt = 0. (5.3.39)

It therefore remains to consider the quantum diagram. As we have already noted, it
suffices to consider the case that ω ∈ Λ2g. Moreover, the Lie-algebraic factor from the
quantum diagram is precisely the term dCEω. It remains only to compute the analytic
factor, for f ∈ C∞(R≥0):

Oq( f ) := lim
L→0

lim
ε→0

∫
[ε,L]

∫ ∞
0

t f0(t)2 f (t)
2π
√
ε(L′)3/2

exp
(
− t2

4

(
1
ε
+

1
L′

))
dt dL′. (5.3.40)

Now, we Taylor expand t f0(t)2 f (t) = t f (0) + t2g(t), where g is some function with
compact support on R≥0. We therefore have

Oq( f ) = lim
L→0

lim
ε→0

f (0)
∫
[ε,L]

∫ ∞
0

t
2π
√
ε(L′)3/2

exp
(
− t2

4

(
1
ε
+

1
L′

))
dt dL′

+ lim
L→0

lim
ε→0

∫
[ε,L]

∫ ∞
0

t2 g(t)
2π
√
ε(L′)3/2

exp
(
− t2

4

(
1
ε
+

1
L′

))
dt dL′. (5.3.41)

Using simple bounds derived from the AM-GM inequality, one may show that the second
summand above is zero, while the first summand gives f (0)/2. Once we remember that
there are two quantum diagrams (the second one obtained by switching the roles of P and
K in the first diagram), we find that we obtain Equation (5.3.33).

Lemma 5.3.6. Let Q̂ denote the differential on the bulk observables of 1d BF theory. The
equality

Q̂Oα,t = Odqα,t (5.3.42)

holds, where dq is the differential on Sym(g[1]⊕ g∨[−1]) defined in the proof of Proposi-
tion 5.3.2.

Proof. The proof resembles that of Lemma 5.3.5. Just as in the proof there, we may re-
duce to diagrams in which there is one non-special vertex. The diagrams of Figure 5.2
appear (though the tails emanating from the special vertex may point either towards or
away from it now). We will need to recompute the weights associated to these diagrams,
however. We obtain in addition the two new quantum diagrams depicted in Figure 5.3.

The original classical diagram will contribute precisely the term in the differential on
C•(g, C•(g)) arising from the action of g on C•(g). Similarly, the new classical diagram
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?

· · ·

(a) The new classical diagram

?

· · ·

(b) The first new quantum diagram.
There are really two diagrams: one for
each choice of internal edge to be red.

?

· · ·

(c) The second new quantum diagram.
There are really three diagrams: one
for each choice of internal edge to be
red.

Figure 5.3: The diagrams contributing to the computation of Q̂Oα,t which did not appear
in Figure 5.2. The red edges are the special ones.

.

will contribute the Chevalley-Eilenberg differential for C•(g). Both of these claims follow
from the following identity, true for t > 0:

f (t) = lim
ε→0

1√
4πε

∫ ∞
0

f (s)
(

f0(s− t) exp
(
− (s− t)2

4ε

)
± f0(s + t) exp

(
− (s + t)2

4ε

))
ds;

(5.3.43)
the limit converges uniformly as f varies over bounded subsets of C∞

c (R≥0).
We will only sketch the derivation of this identity, as it is similar to many other com-

putations we have already done. For t > 0, the term involving e−(s+t)2/4ε vanishes, uni-
formly in s, faster than any power of ε as ε → 0. It therefore does not contribute to the
computation. For the term involving e−(s−t)2/4ε, we proceed just as in the case without
boundary: we change coordinates from s to s − t, Taylor expand f (s) f0(t − s) around
s = t, and compute the Gaussian integral.

The first quantum diagram and the old quantum diagram give similar contributions.
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For β : {1, 2} → {−1, 1} a map, we need to consider

Oq
β,blk(ε, L, f )

=
∫ L

ε

1√
(4π)2εL3

1

∫ ∞
0

f (t2) f0(t−β(1)t2)(t−β(1)t2)e
− (t−β(1)t2)2

4L1

× f0(t−β(2)t2)e−
(t−t2)

2

4ε dt2 dL1, (5.3.44)

Any term with a factor of e−(t+t2)
2/4L1 or e−(t+t2)

2/4ε will vanish upon taking ε → 0 and
L → 0 because t > 0 and e−t2/4T vanishes to all orders in T as T → 0. Hence, we are left
to consider β(1) = 1 = β(2):

Oq
β=1,blk(ε, L, f )

=
∫ L

ε

1√
(4π)2εL3

1

∫ ∞
0

f (t2) f 2
0 (t− t2)(t− t2)e

−
(

1
4L1

+ 1
4ε

)
(t−t2)

2
dt2 dL1 (5.3.45)

We may Taylor expand f (t2) f0(t− t2) in t2 about t2 = t. It suffices to consider only the
zeroth order term in the Taylor expansion because any higher orders may be bounded by
crude bounds by integrals that vanish as ε → 0 and L → 0. Hence, we would like to
consider the integral∫ L

ε

1√
(4π)2εL3

1

∫ ∞
0

(t− t2)e
−
(

1
4L1

+ 1
4ε

)
(t−t2)

2
dt2 dL1

=
∫ L

ε

1√
(4π)2εL3

1

∫ ∞
−t

(−t′2)e
−
(

1
4L1

+ 1
4ε

)
(t′2)

2
dt′2 dL1. (5.3.46)

We may divide the integral over t2 into two regions: the first, where t′2 ∈ [−t, t], for which
the symmetry of the integrand gives 0; and the second, where t′2 ∈ [t, ∞). Again, because
t > 0, one may use the fact that the exponential factor will go to zero faster than any
power of ε or L1 to show that the integral vanishes upon taking ε→ 0 and L→ 0.

Finally, let us consider the second new quantum diagram. The Lie algebraic factor
manifestly gives

1
2

f ab
c ∂a∂b∂

c; (5.3.47)

it suffices to show that the analytic integral gives unity. As for the other quantum dia-
grams, the only integral which will not vanish in the ε → 0, L → 0 limit involves t− t2
(and not t + t2). The only possibly non-vanishing contribution in the ε → 0, L → 0 limit
therefore comes from the integral

Oq,2
blk(ε, L) =

1
(4π)3/2

∫ L

ε

∫ L

ε

∫ ∞
0

(t− t2)
2e−(t−t2)

2
(

1
4ε+

1
4L1

+ 1
4L2

)
1√

ε(L1)3(L2)3
dt2 dL2 dL1

(5.3.48)
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We may integrate over t2 ∈ (−∞, ∞), since the contribution from t2 ∈ (−∞, 0) will give
zero under the limit L→ 0, ε→ 0 for the same reason that the contributions with (t + t2)
in them do when we integrate over t2 ∈ (0, ∞). Then, after performing the Gaussian
integral, we find that

Oq,2
blk(ε, L) ∼ 1

16π

∫ L

ε

∫ L

ε

(
1
4ε

+
1

4L1
+

1
4L2

)−3/2 1√
ε(L1)3(L2)3

dL2 dL1

=
1

2π
√
ε

∫ L

ε

∫ L

ε

1

(L1 + L2 + L1L2/ε)
3/2

dL2 dL1, (5.3.49)

where the symbol ∼ means “equals upon taking limL→0 limε→0.” Let us now compute
the integral:∫ L

ε

1

(L1 + L2 + L1L2/ε)
3/2

dL2 dL1

=
∫ L

ε

1
(L1)3/2

∫ L

ε

1(
1 + L2

(
1
ε +

1
L1

))3/2
dL2 dL1

= −2
∫ L

ε

1
(L1)3/2

(
1
ε
+

1
L1

)−1
 1√

1 + L
ε +

L
L1

− 1√
1 + 1 + ε

L1

 dL1

= −2ε
∫ L

ε

1
ε+ L1

 1√
L1 +

LL1
ε + L

− 1√
2L1 +ε

 dL1. (5.3.50)

Let us compute an indefinite integral of the form∫ 1
(a + x)

√
bx + c

dx, (5.3.51)

where a, b, and c are all greater than zero. The integral in Equation (5.3.50) can then be
computed by taking (a, b, c) = (ε, 1 + L/ε, L) or (a, b, c) = (ε, 2,ε). We manifestly have
ab − c = ε > 0 in both cases, so we may further assume this in our computation. Set
u =
√

bx + c/
√

ab− c. Then, we find∫ 1
(a + x)

√
bx + c

dx =
∫ 2√

ab− c(1 + u2)
=

2 arctan(u)√
ab− c

, (5.3.52)

so the integral from Equation (5.3.50) evaluates to

−4
√
ε

(
arctan

(√
L
ε

(
2 +

L
ε

))
− 2 arctan

(√
1 +

2L
ε

)
+
π

3

)
. (5.3.53)
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Therefore, we find that

Oq,2
blk(ε, L) ∼ 1

3
. (5.3.54)

Once we take into account that there are three choices of “red edge” amongst the quantum
diagrams of this class, this completes the proof.
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Appendix A

Functional Analysis (Going Under the
Hood)

In the body of the text, we have taken a number of tensor products and inner homs of
convenient vector spaces. The goal of this appendix is to give an explicit characterization
of these tensor products and inner homs.

A.1 Bornological tensor products in the presence of
boundary conditions

How to find the correct “natural” tensor product of topological vector spaces is a notori-
ously subtle question. In some situations there are options that are appealing for several
reasons. For instance, given two vector bundles V1 → M1 and V2 → M2, let V1 and V2
denote the locally convex topological vector spaces consisting of the smooth global sec-
tions of V1 and V2, respectively. There is a standard isomorphism (of topological vector
spaces)

V1⊗̂πV2
∼= C∞(M1 ×M2, V1 �V2), (A.1.1)

where V1�V2 is the external tensor product of the bundles V1 and V2 and ⊗̂π is the com-
pleted projective tensor product of locally convex topological vector spaces. In this case
the geometrically attractive answer matches a completion that is natural from functional
analysis. Its main technical role is in the proof that the observables form a factorization
algebra.

When we work with free bulk-boundary theories, we would like a similar geometric
understanding of the completed bornological tensor product ⊗̂β for spaces of sections
with boundary conditions imposed. From the point of view of the paper, this appendix is
devoted to proving that (EL ,c[1](U))⊗̂βk is isomorphic to the space of compactly-supported
sections of E�k over U×k whose jth tensor factor lies in L⊕ E∂ dt when the corresponding
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M coordinate lies on ∂M. But it is natural to treat several generalizations and variants of
this fact.

To state these generalizations, let M1, · · · , Mk be manifolds with boundary; V1 →
M1, · · · , Vk → Mk be vector bundles on the Mi; and W1 ⊂ V1|∂M1

, · · · , Wk ⊂ Vk|∂Mk
be subbundles of the indicated bundles. Breaking slightly with our usual notation, we
will let Vi := C∞(M, Vi) and Wi := C∞(∂M, Wi), i.e. we use the script letters to denote
the spaces of global sections of vector bundles instead of the corresponding sheaves of
sections.

Notation A.1.1. Define

(Vi)Wi := {σ ∈ Vi | σ |∂Mi
∈ C∞(Mi, Wi)}. (A.1.2)

The space (Vi)Wi is a closed subspace of Vi; since the latter space is nuclear Fréchet, the
former is as well. More categorically, (Vi)Wi is the pullback

(Vi)Wi Vi

Wi C∞(∂M, Vi |∂M)

(A.1.3)

in any of the categories LCTVS (of locally convex vector spaces), CVS, DVS.

Notation A.1.2. Define

V1,···,k := C∞(M1 × · · · ×Mk, V1 � · · ·�Vk), (A.1.4)

and

(V1,···,k)L1 ,···,Lk := (A.1.5)
{σ ∈V1,···,k | σ(x1, · · · , xk) ∈ (V1)x1 ⊗ · · · ⊗ (Wi)xi ⊗ · · · ⊗ (Vk)xk when xi ∈ ∂Mi};

(A.1.6)

in other words, (V1,···,k)L1 ,···,Lk consists of sections of V1 � · · · � Vk whose i-th tensor
factor belongs to Wi whenever the corresponding coordinate lies in ∂Mi. We endow
(V1,···,k)L1 ,···,Lk with the topology which it inherits as a subspace of V1,···,k. The result-
ing locally convex topological vector space (V1,···,k)L1 ,···,Lk is nuclear Fréchet, since it is a
closed subspace of V1,···,k. (V1,···,k)L1 ,···,Lk can be described as a limit in the category of
topological vector spaces. More precisely, it is the simultaneous limit of all the diagrams
of the form

C∞(M1 × · · · × ∂Mi × · · · ×Mk, V1 � · · ·�Wi � · · ·�Vk)

V1,···,k C∞(M1 × · · · × ∂Mi × · · · ×Mk, V1 � · · ·� (Vi) |∂Mi
� · · ·�Vk).

(A.1.7)
as i ranges from 1 to k.
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Note that the continuous multilinear map

V1 × · · · × Vk → V1,···,k, (A.1.8)

when restricted to (V1)W1 × · · · × (Vk)Wk , has image in (V1,···,k)L1 ,···,Lk , so there is a natural
map

S : (V1)W1⊗̂π · · · ⊗̂π(Vk)Wk → (V1,···,k)L1 ,···,Lk . (A.1.9)

We can establish similar notations when we require compact support for sections of
the Vi. Let us choose compact subsets Ki ⊂ Mi. We choose to use a calligraphic font for
the Ki because the symbols Ki and Wi will both appear in subscripts in our notation, and
we want to make clear that the two subscripts serve different purposes.

Notation A.1.3. Let

1. (Vi)Ki denote the space of sections of Vi with compact support on Ki;

2. (Vi)Ki ,Wi denote the space
(Vi)Ki ∩ (Vi)Wi , (A.1.10)

i.e. (Vi)Ki ,Wi is the space of sections of Vi satisfying both a boundary condition and
a compact support condition;

3. (V1,···,k)K1×···×Kk denote the subspace of V1,···,k consisting of sections with compact
support on K1 × · · · ×Kk; and

4. (V1,···,k)L1 ,···,Lk ,K1×···×Kk denote the space

(V1,···,k)K1×···×Kk ∩ (V1,···,k)L1 ,···,Lk . (A.1.11)

As with (Vi)Ki ,Wi , the sections in (V1,···,k)L1 ,···,Lk ,K1×···×Kk satisfy both a boundary
condition and a compact support condition.

All four spaces are nuclear Fréchet spaces.

There is a map

Sc.s. : (V1)W1 ,K1⊗̂π · · · ⊗̂π(Vk)Wk ,Kk → (V1,···,k)L1 ,···,Lk ,K1×···×Kk . (A.1.12)

The aim of this appendix is to prove the following result.

Theorem A.1.4. The maps S and Sc.s. are isomorphisms for the topological vector space
structures.

Proof. The completed projective tensor product commutes with limits separately in each
variable. Hence,

(V1)W1⊗̂π · · · ⊗̂π(Vk)Wk (A.1.13)
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can be identified with the simultaneous limit of diagrams of the form

V1⊗̂π · · · ⊗̂πWi⊗̂π · · · ⊗̂πVk

V1⊗̂π · · · ⊗̂πVk V1⊗̂π · · · ⊗̂πC∞(∂M, Vi |∂M)⊗̂π · · · ⊗̂πVk.

(A.1.14)

as i ranges from 1 to k. As we have seen, (V1,···,k)L1 ,···,Lk is a similar limit. The isomor-
phism V1⊗̂π · · · ⊗̂πVk → V1,···,k and its analogs for the other entries of the diagrams in-
duces an isomorphism between the diagram defining V1⊗̂π · · · ⊗̂πWi⊗̂π · · · ⊗̂πVk and the
one defining (V1,···,k)L1 ,···,Lk . S is induced from this isomorphism of diagrams, so is an
isomorphism. The same exact argument applies for Sc.s.

We now describe a consequence of Theorem A.1.4 that is of more direct relevance
to the present context. Let us momentarily suppress the i subscripts from our notation,
letting V → M be a vector bundle and W a subbundle of V |∂M. We define (V )W,c to be
the colimit (in CVS)

colim
(
(V )W,K1 → (V )W,K2 → · · ·

)
, (A.1.15)

with K j ⊂ K( j+1) and ∪ jK j = M, i.e. the K j form a sequence of compact subsets of M
exhausting it. Equivalently, we can define (V )W,c via the pullback diagram

(V )W,c (V )c

(V )W V

y
; (A.1.16)

here Vc is the space of compactly-supported sections of V endowed with the inductive
limit topology (when Vc is endowed with this topology, the arrow on the right-hand side
of the above diagram is not an embedding). The completed projective tensor product does
not commute with colimits; hence Theorem A.1.4 does not help us to compute completed
projective tensor products of spaces of the form (V )W,c. We may, however, forget the
topology of all spaces involved, remembering only the bounded subsets. In other words,
we remember only the underlying bornological vector spaces. Once we do, a new tensor
product becomes available to us, namely the completed bornological tensor product. The
completed bornological tensor product does commute with colimits. For nuclear Fréchet
spaces, it coincides with the completed projective tensor product. See §B.4-5 of [CG17]
for details.

In the main body of the text, we always use the completed bornological tensor prod-
uct. Hence, we need to use Theorem A.1.4 to infer statements about the bornological
tensor products of interest to us. This task is undertaken in the following corollary:
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Corollary. There are isomorphisms of bornological vector spaces

(V1)W1 ⊗̂β · · · ⊗̂β (Vk)Wk
∼= (V1,···,k)L1 ,···,Lk , (A.1.17)

(V1)W1 ,c ⊗̂β · · · ⊗̂β (Vk)Wk ,c
∼= (V1,···,k)W1 ,···,Wk ,c (A.1.18)

Here, (V1,···,k)W1 ,···,Wk ,c is defined analogously to (Vi)Wi ,c.

Proof of Corollary. The isomorphism

(V1)W1 ⊗̂β · · · ⊗̂β (Vk)Wk
∼= (V1,···,k)L1 ,···,Lk (A.1.19)

is a direct consequence of Theorem A.1.4, since the (Vi)Wi are nuclear Fréchet spaces and
the completed bornological tensor product coincides with the completed projective tensor
product of such spaces, by Corollary 7.1.2 of [CG17].

For the second isomorphism, the same argument as for (V1,···,k)L1 ,···,Lk gives that

(V1)W1 ,K1 ⊗̂β · · · ⊗̂β (Vk)Wk ,Kk
∼= (V1,···,k)L1 ,···,Lk ,K1×···×Kk ; (A.1.20)

since the completed bornological tensor product commutes with colimits, the isomor-
phism

(V1)W1 ,c ⊗̂β · · · ⊗̂β (Vk)Wk ,c
∼= (V1,···,k)W1 ,···,Wk ,c (A.1.21)

follows.

A.2 The duals of function spaces with boundary
conditions

In the previous section, we studied the tensor product (V1)L1⊗̂π(V2)L2 . We found that
the tensor product was a very explicit subspace of V1⊗̂πV2. In this section, with the end
of understanding the inner hom spaces

CVS (VL,R) (A.2.1)

and
CVS (VL,c,R) (A.2.2)

and their generalizations, we will provide splittings

V ∼= VL ⊕ C (A.2.3)
Vc ∼= VL,c ⊕ Cc, (A.2.4)

where C is the space of global sections of a bundle on ∂M and Cc its corresponding space
of compactly-supported sections. We will derive these isomorphisms in the category
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CVS, but the functor from CVS to DVS preserves limits, so we obtain the isomorphism
also in the category DVS. Note that these splittings will allow us to characterize the inner
hom spaces in Equations (A.2.1) and (A.2.2) as quotients of the inner hom spaces

CVS (V ,R) (A.2.5)

and
CVS (Vc,R) (A.2.6)

respectively, in both CVS and DVS. (Recall that the functor CVS → DVS does not pre-
serve colimits in general and hence a computation of a colimit in CVS does not suffice in
general to give the colimit in DVS. In the present case, however, the comptuation in CVS
does suffice.)

Let C denote the bundle (V |∂M)/L on ∂M and C its space of global sections. There
are natural surjective maps

P : V → C (A.2.7)
Pc : Vc → Cc; (A.2.8)

In the next proposition, we construct a map I : C → V which establishes C as a comple-
ment to to VL in V .

Proposition A.2.1. There are (non-canonical) isomorphisms

V ∼= VL ⊕ C (A.2.9)
Vc ∼= VL,c ⊕ Cc (A.2.10)

of convenient vector spaces.

Proof. Let us focus on the first isomorphism first. We will construct a splitting I of P with
the property that im(1− IP) ⊂ VL. To see that this suffices to prove the Proposition, first
note that VL = ker P, and consider the map

T : V → VL ⊕ C (A.2.11)
T(v) = ((1− IP)v, Pv). (A.2.12)

T is a continuous linear isomorphism, by standard arguments. T has an inverse S given
by i⊕ I, where i is the inclusion of VL as a closed subspace of V . In other words, we will
have

V ∼= VL ⊕ C . (A.2.13)

Let us now construct the splitting C → V . To this end, choose a tubular neighborhood
T ∼= ∂M × [0,ε) of ∂M in M. Let π be the projection T → [0,ε). By the homotopy
invariance of bundles, we may assume that V|T ∼= π∗V |∂M. In other words, we may
assume that V is trivial in the normal direction. Let χ be a compactly-supported function
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on [0,ε) which is 1 in a neighborhood of 0 and with support contained [0,ε/2]. Let c ∈ C
be a section of C. Choose a splitting of bundles

Ψ : C→ (V|∂M). (A.2.14)

Then, we set I(c) = χΨ(c). (This is where we have used the isomorphism V|T ∼= π∗V|∂M.)
It is straightforward to verify that I is continuous and satisfies the equations PI = id
and im(1− IP) ⊂ VL.

We now construct the second isomorphism of the lemma. Cover M by a countable
collection K1 ⊂ K2 ⊂ · · · of compact subsets. We may assume, by replacing Ki with
Ki ∪ (Ki ∩ ∂M)× [0,ε/2] for all i, that Ki contains (Ki ∩ ∂M)× [0,ε/2]. Then, the formulas
for I and P send CKi∩∂M → VKi and VKi → CKi∩∂M. We therefore obtain an isomorphism

VKi
∼= VKi ,L ⊕ CKi∩∂M (A.2.15)

for each i. The isomorphism respects the maps induced from the inclusions Ki ⊂ Ki+1
and Ki ∩ ∂M ⊂ Ki+1 ∩ ∂M, and so we have also an isomorphism

Vc = colimiVKi
∼= colimi(VL,Ki)⊕ colimiCKi∩∂M = VL ,c ⊕ Cc. (A.2.16)

This completes the proof.

The most useful application of Proposition A.2.1 is the following corollary. To make
the notation more compact, we make the following definitions, valid for any convenient
vector space W and any k ≥ 0:

W−k := CVS
(

W⊗̂βk,R
)

(A.2.17)

Sym−k W := CVS
(

W⊗̂βk,R
)

Sk
(A.2.18)

Corollary A. There are canonical isomorphisms

Sym−k(VL) ∼=
Sym−k(V )

CVS
(
C ⊗̂β(V )⊗̂β(k−1),R

)
Sk−1

(A.2.19)

Sym−k(VL,c) ∼=
Sym−k(Vc)

CVS
(
Cc⊗̂β(Vc)⊗̂β(k−1),R

)
Sk−1

(A.2.20)

of convenient vector spaces.

Note that Corollary A tells us the following about the relationship between Sym−k(V )

and Sym−k(VL). First, there is a surjective map Sym−k(V ) → Sym−k(VL). Second, the
kernel of this map consists precisely of the Sk-orbits of maps of the form

Φ(v1, . . . , vk) = Φ′(Pv1, v2, . . . , vk), (A.2.21)
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where
Φ′ ∈ CVS

(
C ⊗̂βV ⊗̂β(k−1),R

)
.

Finally, Sym−k(VL) is identified with the quotient of the space Sym−k(V ) by this kernel,
and this identification as a quotient is true both in CVS and DVS. This description of
Sym−k(VL) will be useful to us in the body of the dissertation.

A.3 A lemma of Atiyah-Bott type
For an elliptic complex on a manifold without boundary, the complex of compactly sup-
ported smooth sections embeds into the complex of compactly supported distributional
sections. The Atiyah-Bott lemma is that this embedding is a continuous quasi-isomorphism
(see Appendix D of [CG17]), and it plays a role in constructing the observables of free BV
theories. We wish to prove an analog relevant to free bulk-boundary theories.

Let (E , L ) be a free bulk-boundary system. We use the pairing 〈·, ·〉 to view EL ,c[1]
as a space of linear functionals on EL : each section e1 ∈ EL ,c[1] gives a linear functional
Φe1 by the formula

Φe1(e2) = 〈e1, e2〉 . (A.3.1)

This inclusion has the following property.

Proposition A.3.1. The map Φ· induces a quasi-isomorphism of complexes of cosheaves

EL ,c[1]→ E ∨L , (A.3.2)

where E ∨L is the cosheaf which assigns to the open U, the strong topological dual to EL (U).
More precisely, on each open U, this map is a continuous linear map of topological vector
spaces and a quasi-isomorphism.

Proof. The map is continuous because it is the composite

EL ,c[1] ↪→ Ec[1]→ E ∨ → E ∨L . (A.3.3)

The map preserves the differential Q because

ΦQe1(e2) = 〈Qe1, e2〉 = ± 〈e1, Qe2〉 = Φe1(Qe2); (A.3.4)

this is only true because we have imposed the boundary condition L . It manifestly
respects the extension maps of cosheaves. It remains only to check that it is a quasi-
isomorphism. In the proof of Theorem 3.4.2, we show that EL ,c[1] is a homotopy cosheaf;
an almost identical argument shows that E ∨L is also a homotopy cosheaf. Hence, given
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any open U ⊂ ∂M, and any (locally finite) cover U of U, we have the following commu-
tative diagram

Č(EL ,c[1],U) EL ,c(U)[1]

Č(E ∨L ,U) E ∨L (U)

∼

∼

. (A.3.5)

We will show that the left-hand downward pointing map is a quasi-isomorphism.
Fix a tubular neighborhood N ∼= ∂M× [0, T) of ∂M. Let us assume that the cover U is

“somewhat nice:” it consists of open subsets Uα such that either Uα ∩ ∂M = ∅ or Vα ⊂ N
of the form Vα ∼= V′α × [0, T′) where V′α is an open set in ∂M. All finite intersections of
somewhat nice sets are also somewhat nice, so all the summands in the Čech complexes
will be of the form EL ,c[1](U′) or E ∨L (U′) for U′ somewhat nice. If we prove that the map
EL ,c[1](U′) → E ∨L (U′) is a quasi-isomorphism for U′ somewhat nice, then the proposi-
tion follows, since the Čech complex has a filtration by degree of intersection (which is
preserved by the map Č(EL ,c[1],U)→ Č(E ∨L ,U)) and the induced map on the associated
graded spaces is a sum of maps EL ,c[1](U′)→ E ∨L (U′) for U′ somewhat nice.

If U′ ∩ ∂M = ∅, then the map EL ,c[1](U′) → E ∨L (U′) is a quasi-isomorphism, by the
Atiyah-Bott lemma (see Appendix D of [CG17]). Otherwise, suppose U′ = V × [0, T′),
and let L′ := E∂/L. Denote by L ⊥ the sheaf of sections of L′. We saw in the proof of
Theorem 3.4.2 that there is a deformation retraction of EL ,c[1](U′) onto L ⊥(V). Simi-
larly, there is a deformation retraction of EL (U′) onto L (V), and hence of L ∨(V) onto
E ∨L (U′). The map E ∨L (U′) → L ∨(V) in this deformation retraction is dual to the inclu-
sion L (V) → EL (U′) of the L fields as constants in the normal direction. From the
characterization of the map L ⊥

c (V) → EL ,c[1](U′) in Theorem 3.4.2, it follows that the
composite

L ⊥
c (V)→ EL ,c[1](U′)→ E ∨L (U′)→ L ∨(V) (A.3.6)

is the Atiyah-Bott quasi-isomorphism (using the pairing 〈·, ·〉
∂

to identify L′ with L!). It
follows that the map EL ,c(U′) → E ∨L (U′) is a quasi-isomorphism, whence the proposi-
tion.

The following Corollary implies that the two models of classical observables for a free
bulk-boundary system—namely the ones of Chapter 2 and 3—are equivalent.

Corollary.

The natural map

(EL ,c(U)[1]⊗̂βk)Sk → CVS
(
(EL (U))⊗̂βk,R

)
Sk

(A.3.7)

is a quasi-isomorphism of differentiable vector spaces.
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Proof. It suffices to show this fact for sufficiently small neighborhoods of any point x ∈ M.
Let us first note that, since EL (U) is nuclear Fréchet, we may make a number of If x is
in the interior M̊, then by choosing U contained entirely in the interior, we note that
C∞(Uk, E�k) is an elliptic complex. Moreover, taking coinvariants with respect to Sk is
an exact functor. Therefore, the classical Atiyah-Bott lemma [AB67] applies to give the
quasi-isomorphism of the corollary. If x ∈ ∂M, we may choose U ∼= U′ × [0, δ) for δ < ε

and U′ open in ∂M. We obtain, by the usual formulas for the extension of a deformation
retraction to symmetric algebras, quasi-isomorphisms

Symk(L ⊥
c (U′))→ Symk(EL ,c[1](U)) (A.3.8)

CVS
(
EL (U)⊗̂βk,R

)
Sk
→ CVS

(
L (U′)⊗̂βk,R

)
Sk

(A.3.9)

Pre- and postcomposing the the map described in the statement of the corollary with
these two quasi-isomorphisms, we obtain the Atiyah-Bott quasi-isomorphism for the k-th
tensor power of L . More precisely, we obtain a composite as in Equation (A.3.6). Then
we proceed just as in the discussion following that Equation. The Corollary follows.
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